Mathematics,
Information Technologies
and
Applied Sciences
2016

post-conference proceedings of extended versions
of selected papers

Editors:

Jaromir BaStinec and Miroslav Hruby

Brno, Czech Republic, 2016



© University of Defence, Brno, 2016
ISBN: 978-80-7231-400-3



Aims and target group of the conference:

The conference MITAYV 2016 should attract in particular teachers of all types of schools and
is devoted to the most recent discoveries in mathematics, informatics, and other sciences, as
well as to the teaching of these branches at all kinds of schools for any age group, including
e-learning and other applications of information technologies in education. The organizers
wish to pay attention especially to the education in the areas that are indispensable and highly
demanded in contemporary society. The goal of the conference is to create space for the
presentation of results achieved in various branches of science and at the same time provide
the possibility for meeting and mutual discussions among teachers from different kinds of
schools and focus. We also welcome presentations by (diploma and doctoral) students and
teachers who are just beginning their careers, as their novel views and approaches are often
interesting and stimulating for other participants.

Organizers:

Union of Czech Mathematicians and Physicists, Brno branch (JCMF),
in co-operation with
Faculty of Military Technology, University of Defence in Brno,
Faculty of Science, Faculty of Education and Faculty of Economics and Administration,
Masaryk University in Brno,
Faculty of Electrical Engineering and Communication, Brno University of Technology.

Venue:

Club of the University of Defence in Brno, Sumavska 4, Brno, Czech Republic
June 16 and 17, 2016.

Conference languages:

Czech, Slovak, English



Scientific committee:

Prof. RNDr. Zuzana Dosla, DSc. Czech Republic
Faculty of Science, Masaryk University, Brno

Prof. Irada Ahaievna Dzhalladova, DrSc. Ukraine
Kyiv National Economic Vadym Getman University

Assoc. Prof. Cristina Flaut Romania
Faculty of Mathematics and Computer Science, Ovidius
University, Constanta

Assoc. Prof. PaedDr. Tomas Lengyelfalusy, Ph.D. Slovakia
Dubnica Institute of Technology in Dubnica nad Vdhom

Prof. Antonio Maturo Italy
Faculty of Social Sciences of the University of Chieti — Pescara

Programme and organizational committee:

Jaromir Bastinec Brno University of Technology, Faculty of Electrical
Engineering and Communication, Department of Mathematics

Lubos$ Bauer Masaryk University in Brno, Faculty of Economics and
Administration, Department of Applied Mathematics and
Informatics

Jaroslav Beranek Masaryk University in Brno, Faculty of Education,

Department of Mathematics

Sarka Hoskova-Mayerova  University of Defence in Brno, Faculty of Military Technology,
Department of Mathematics and Physics

Miroslav Hruby University of Defence in Brno, Faculty of Military Technology,
Department of Communication and Information Systems

Karel Lepka Masaryk University in Brno, Faculty of Education,
Department of Mathematics

Pavlina Rackova University of Defence in Brno, Faculty of Military Technology,
Department of Mathematics and Physics

Jan VVondra Masaryk University in Brno, Faculty of Science, Department of
Mathematics and Statistics



Programme of the conference:

Thursday, June 16, 2016

12:00-13:45

13:45-14:00
14:00-14:50
14:50-15:10
15:10-16:00
16:00-16:30
16:35-18:00

18:00-19:15
19:30-22:00

Registration of the participants

Opening of the conference

Keynote lecture No. 1 (Jifi Krti¢ka, Czech republic)
Break

Keynote lecture No. 2 (Jaromir Simsa, Czech republic)
Break

Presentations of papers

Conference dinner

Social event (University of Defence Club — performance by folklore ensemble
Lucina with cimbalom)

Friday, June 17, 2016

09:00-09:45
09:45-10:00
10:00-11:30
11:30-11:45
11:45-13:15
13:15

Keynote lecture No. 3 (Vaclav Talhofer, Czech republic)
Break

Presentations of papers

Break

Presentations of papers

Closing

Each MITAV 2016 participant received printed collection of abstracts MITAV 2016 with
ISBN 978-80-7231-464-5. CD supplement of this printed volume contains all the accepted
contributions of the conference.

Now, in autumn 2016, this post-conference CD was published, containing extended versions
of selected MITAV 2016 contributions. The proceedings are published in English and contain
extended versions of 8 selected conference papers. Published articles have been chosen from
34 conference papers and every article was reviewed by two reviewers.

Webpage of the MITAV conference:

http://mitav.unob.cz




Content:

Stability of the Zero Solution of Stochastic Differential Systems with Four-Dimensional
Brownian Motion
Bastinec, J., KIImeSova, M. o 7-30

Hyperbolic Sine and Cosine from the Iteration Theory Point of View
Beranek, J. 31-41

Formula for Explicit Solutions of a Class of Linear Discrete Equations with Delay
Diblik, J., Mencakova, K. 42-55

Properties of Counting Function of Pseudoprimes
Mat'aSovsky, A., VISNyal, T. 56-61

Yield Point Phenomena in Metals and Alloys
N VLAt V. 62-70

A Formula for the Sum of the Series of Reciprocals of the Polynomial of Degree Two
with Different Positive Integer Roots
PotlCEK, R, 71-83

Weakly Delayed Difference Systems in R® and their Solution
Safaik, J., DIbIIK, J. oo 84-104

The Application of Design of Experiments to Analyze Operating Conditions
of Technological Process
Vagaskd, A., GOmbAr, M. ... s 105-111

List of reviewers:

doc. RNDr. Jaromir Bastinec, CSc.

doc. RNDr. Jaroslav Beranek, Ph.D.

doc. RNDr. Edita Kolarova, Ph.D.
RNDr. Karel Lepka, Dr

Prof. RNDr. Miroslava Razi¢kova, Ph.D.
Prof. Dr. Hab. Ewa Schmeidel, Ph.D.
RNDr. Zden¢k Svoboda, CSc.



Stability of the Zero Solution
of Stochastic Differential Systems with
Four-Dimensional Brownian Motion

Jaromir Bastinec, Marie KlimeSova

Department of Mathematics, Faculty of Electrical Engineering and
Communication Brno University of Technology,
Technicka 2848/8, Zabovfesky, 61600, Brno, Czech republic.
Email: bastinec@feec.vutbr.cz,
xklimeOl@stud. feec.vutbr.cz

Abstract: The natural world is influenced by stochasticity therefore stochastic
models are used to test various situations because only the stochastic model can
approximate the real model. For example, the stochastic model is used in popu-
lation, epidemic and genetic simulations in medicine and biology, for simulations
in physical and technical sciences, for analysis in economy, financial mathema-
tics, etc. The crucial characteristic of the stochastic model is its stability. Stability
of stochastic differential equations (SDEs) has become a very popular theme of
recent research in mathematics and its applications. This article studies the fun-
damental theory of the stochastic stability. There is investigated the stability of
the solution of stochastic differential equations and systems of SDEs. The article
begins with a summary of the stochastic theory. Then, there are inferred condi-
tions for the asymptotic mean square stability of the zero solution of stochastic
system with Brownian motion. There is used a Lyapunov function for proofs of
main results. The method of Lyapunov functions for the analysis of qualitative
behavior of SDEs provides some very useful information in the study of stability
properties for concrete stochastic dynamical systems, conditions of existence the
stationary solutions of SDEs and related problems. There are proved conditions
for the stability (asymptotic, stochastic asymptotic). The results are illustrated by
trivial examples for special types of matrices.

Keywords: Brownian motion, stochastic differential equation, Lyapunov function,
stochastic Lyapunov function, stability, stochastic stability.



Introduction

Stochastic modeling has come to play an important role in many branches of
science and industry where more and more people have encountered stochastic
differential equations. Stochastic model can be used to solve problem which evin-
ces by accident, noise, etc. Definition of probability spaces, stochastic process,
stochastic differential equation and an existence and uniqueness of solution of
these equations, were mentioned in [L1]], [12], [14]]. It was taken from B. @ksen-
dal [19], E. Kolarova [15]], B. Maslowski [17]], S. Ditlevsen [4], M. Navara [18]]
and J. Stanék [20] and others. In this paper we focus on the description of the
stochastic stability. Stability is studied both for difference equations and systems
[6], and for differential equations and systems [[1]], [3]], [S]], [7]] or [8]. In this paper
we use definitions of the stability theory of the stochastic system defined by R. Z.
Khasminskii [[10]. The general principles of various types of stochastic systems
are described for example X.Mao [16].

In the paper we study the linear matrix systems. We derived sufficient conditions
of stochastic stability for general system of the zero solution of the stochastic di-
fferential equation using Lyapunov function. The same method can also be used
for constant matrix. Stochastic models may find the use in the optimization.

Definition 1 [/9] If ) is a given set, then a o-algebra F on Q is a family F of
subsets of ) with the following properties:

(i) b e F
(ii) F € F = F° € F, where F© = Q\ F is the complement of F in ()

=1

The pair (2, F) is called a measurable space.

Definition 2 [/9] A probability measure P on a measurable space (2, F) is a
function P : F — [0, 1] such that

(a) P(0) =0,P(Q) = 1.



(b) if Ay, Ag, -+ € F and {A;}2, is disjoint (i.e. A; NV A; =0 ifi # j) then
i=1 i=1

The triple (2, F, P) is called a probability space. It is called a complete pro-
bability space if F contains all subsets G of {2 with P-outer measure zero, i.e.
with

P*(G):=inf{P(F);Fe F,GC F}=0.

Definition 3 The stochastic process B, is called Brownian motion or Wiener pro-
cess if the process has some basic properties:

(i) Bo=0
(ii) By — By has the distribution N (0,t — s) fort > s > 0
(iii) By has independent increments, i.e.

B, By, — By, ..., By, — By, _,

are independent for all 0 < t; < ty--- < tg.

Note. The unconditional probability density function at a fixed time ¢

1 X2
th (Xt) = \/?MGXP (-g) .

The expectation is zero; E' [B;] = 0 for ¢t > 0. The variance is t; F [B?] = t.
Theorem 1 Let B; be Brownian motion. Then
E[B:Bs] = min{t,s} fort>0, s>0.

Proof: [15], pp. 14.

Definition 4 Ler B;(t),t = 1,2,...,m, be a Brownian motion. Then B(t) =
(Bi(t), ..., B(t)) denote m-dimensional Brownian motion.



Definition 5 [/9] Let (2, F, P) be a probability space. Let B; = (B (t), ..., B (1))
be m-dimensional Brownian motion and b : [0,T] x R* — R", 0 : [0,T] x R" —
R ™ be measurable functions. Then the process X; = (X1(t), ..., Xm(t)), Xi =
X(t), t € [0,T] is the solution of the stochastic differential equation

dXt = b(t, Xt)dt + U(t, Xt)dBt7 (1)

b(t,X:) € Rx R", o(t,X;)B; € R x R". After the integration of equation (1)
we give the different form of the solution of the SDE

t t

X, = Xo+ /b(s,Xs)ds+/J(s,Xs)st.
0 0

Assume that for every initial value X (ty) = X, € R" equation has a
unique global solution that is denoted by X (¢; t9, X). We know that the solution
has continuous sample paths and its every moment is finite.

In the following text we will study the stability of various types of stability of
solutions of the system (1) and we will suppose that b(¢, 0)dt + o(t,0)dB;, = o,
where o is a zero vector . So equation (1)) has the trivial solution o corresponding
to the initial value X (¢y) = 0.

1 Stability of Stochastic Differential Equations

In 1892 A.M. Lyapunov developed a methods for determining stability without
solving the equation. We are used the second Lyapunov method:

Let K denote the family of all continuous nondecreasing functions p : R, — R
such that ¢(0) = 0 and pu(r) > 0if r > 0. Let S, = {X; € R": | Xy| < h}
for h > 0. A continuous function V' (X, t) defined on S, X [ty, 00) is said to be
positive-definite (in the sense of Lyapunov) if V'(0,¢) = 0 and, for some i € K,

V(X,.t) > pu(jz]) forall (X,,t) € Sy x [to, 00).

A function V' (X, 1) is said to be negative-definite if (—V(X,,t)) is positive-
definite. A continuous non-negative function V' (X, ¢) is said to be decrescent
(i.e. to have an arbitrarily small upper bound) if for some p € K,

V(X t) < u(|Xy|) forall (X, t) € Sy X [to, 00).

10



A function V' (X, t) defined on R™ X [ty, 00) is said to be radially unbounded if

lim (Ef V(Xt,t)) = 00.

|z| =00 \ t=to

Let C11(S), X [tg, 00), Ry ) denote the family of all continuous functions V' (X, t)
from S, X [ty,00) to R, with continuous first partial derivatives with respect to
every component of X; and to ¢. Then V' (t) = V (¢, X) represents a function of ¢
with the derivative

/ oV (L, X "L OV (t, X,)bi(t, X

=1

If V(t) < 0, then V(¢) will not increase so the distance of X; from the equilib-
rium point measured by V' (¢, X;) does not increase. If V' (t) < 0, then V'(¢) will
decrease to zero so the distance will decrease to zero, that is X; — 0. [I1L6]

1.1 Stability in probability

Theorem 2 (Lyapunov theorem) [16)] If there exists a positive-definite function
V(X t) € CH(S), X [tg, ), Ry) such that

V(Xt,t) = V}/(t, Xt) + VXt (t,Xt)b(t,Xt) é 0

for all (X;,t) € Sy, x [tg,00), then the trivial solution is stable. If there exists a
positive-definite decrescent function V (X, t) € CH (S X [tg, 00), R) such that

V (X, 1) is negative-definite, then trivial solution of the system is asymptotically
stable.

Suppose one would like to let the initial value be a random variable. It should
also be pointed out that when o (¢, X;) = 0, these definitions reduce to the corre-
sponding deterministic ones. We now extend the Lyapunov Theorem [2]to the sto-
chastic case. Let 0 < h < oo. Denote by C*!(S;, x Ry, R,) the family of all
nonnegative functions V' (X, t) defined on S;, x R, such that they are continu-
ously twice differentiable in X, and once in ¢. Define the differential operator LV
associated with equation (I)) by

_ov, z": OV (¢, Xp)bi(Xp,) | 1 2": OV [o(Xp, t)o" (Xe,t)]
- ot 0X; 2 0X;0X; '

i=1 ij=1

LV

11



The inequality V (X, ) < 0 will be replaced by LV (X;,t) < 0 in order to get the
stochastic stability assertions.

Definition 6 [/6] The trivial solution of equation (1)) is stochastically stable if
there exists a positive-definite function V(X;,t) € C?(Sy x [tg,0), Ry) such
that

LV(X,1) <0

forall (X;,t) € Sy x [tg, 00).
If there exists a positive-definite decrescent function V (X, t) € C*1(S, x

[to, 00), Ry ) such that LV (X4, t) is negative-definite, then the trivial solution of
equation (1)) is stochastically asymptotically stable.

If there exists a positive-definite decrescent radially unbounded function V (X, t) €
C*YR™ x [tg,0), Ry) such that LV (X4, t) is negative-definite, then the trivial
solution of equation (1)) is stochastically asymptotically stable in the large.

Proof: [16], pp. 111.

1.2 Almost sure exponential stability

Definition 7 [/6] The trivial solution of equation (1)) is said to be almost surely
exponentially stable if

1
tlim sup glog | X (¢, t0, Xo)] <0 a.s. (2)
— 00

forall Xy € R"™. The left-hand side of (2)) is called the sample Lyapunov exponents
of the solution of the stochastic system.

The trivial solution is almost surely exponentially stable if and only if the
sample Lyapunov exponents are negative. The almost sure exponential stability
means that almost all sample paths of the solution will tend to the equilibrium
position X; = 0 exponentially fast.

Lemma 1 [/6] For all X;, # 0in R"
P{X(t,to,Xo) 7£ 0 ont Z t()} = ]_,

where P {X (t,ty, Xo)} is the probability that the occurrence X, is based on point
Xo(to). That is, almost all the sample path of any solution starting from a non-zero
state will never reach the origin.

12



Definition 8 [/6] Assume that there exists a function V€ C*1(R" x [ty, 00), R,)
and constants p > 0,¢; > 0,¢o € R, c3 > 0, such that for all X, # 0 and t > t,

(l) &1 |x|p S V(Xtat)a
(ll) LV(Xt, t) S CQV(Xt, t)
(iii) |Vx,(Xp, D)o (Xe, 0)]* > esVE( Xy, t)
Then ] 5
. C3 — 4C
- <-—=_"= gs.
Jim sup r log | X (¢, t0, Xo)| < 0
for all Xy € R". In particular, if cs > 2c,, the trivial solution of equation is
almost surely exponentially stable.

Proof: [16], pp. 121.

Definition 9 [16] Assume that there exists a function V- € C**(R™ x [tg,00), Ry )
and constants p > 0,¢; > 0,¢9 € R, c3 > 0, such that for all X, # 0 andt > ty,

(i) c1|z[” > V(X t) >0,
(ll) LV(Xt, t) Z CQV(Xt, t)
(iii) |V, (Xi, )0 (X0, 1)]* < c3V2(Xo, )
Then
262 — C3
2p
for all Xy € R". In particular, if 2co > cs, then almost all the sample paths of

| X (,to, Xo)| will tend to infinity, and we say in this case that the trivial solution
of equation (1)) is almost surely exponentially unstable.

|
tliglo inf 7 log | X (¢, to, Xo)| > — a.s.

Proof: [16], pp. 121.
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1.3 Moment exponential stability

Definition 10 [/6] The trivial solution of equation (1)) is said to be p—th moment
exponentially stable if there is a pair of positive constants A and C' such that

FE |X(t,t0,X0)|p S C |X0|p exp(—)\(t — to)) on t Z t()

forall Xy € R". When p = 2, it is usually said to be exponentially stable in mean
square. It also follows that

1
Jlim sup i log (E'| X (t,t0, Xo)|") < 0. 3)
—00

The p—th moment exponential stability means that the p—th moment of the solu-
tion will tend to 0 exponentially fast. The left-hand side of (3)) is called the p—th
moment Lyapunov exponent of the solution.

Theorem 3 [/6] Assume that there is a positive constant K such that
XTo(Xp, t) V |o(X, t)° < K |X|> for all (X,,t) € R™ X [ty, 00).

Then the pth moment exponential stability of the trivial solution of equation (|1)
implies the almost sure exponential stability.

Proof: [16], pp. 128.

Theorem 4 [I6] Assume that there is a function V (X, t) € C*'(R"X[tg, o), R)
and positive constants cy, ca, c3, such that

C1 |Xt|p S V(Xt,t) S Co |Xt’p and LV(Xt,t) S —C3V<Xt,t)
forall (X, t) € R" X [ty,00). Then

EX(t,t, Xo)P < 2 |Xo|P exp (—es(t — 1)) on t >ty (4)
C1

for all Xy € R™. In other words, the trivial solution of equation (1)) is p—th
moment exponentially stable and the p—th moment Lyapunov exponent should not
be greater than —cs.

Proof: [16], pp. 130.
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Theorem 5 [I6] Let ¢ > 0. Assume that there is a function V (X, t) € C*'(R" x
[to, 00), R ) and positive constants ¢y, co, c3, such that

C1 |Xt|q S V(Xt,t) S Co |Xt|q and LV(Xt,t) Z CgV(Xt7t)
forall (X, t) € R" X [ty,00). Then

E1X(t,to, Xo)|* > | Xo|% eaxp (c5(t —to)) on t >t (5)
Co

forall Xy € R", and we say in this case that the trivial solution of equation (1)) is
q—th moment exponentially unstable.

Proof: [16], pp. 131.

1.4 Stochastic Stability and Nonstability

It is not surprising that noise can destabilize a stable system. And the noise can
stabilized the unstable system. In this section we shall establish a general theory of
stochastic stabilization and destabilization for a given nonlinear system. Suppose
that the given system is described by a nonlinear ordinary differential equation

gt) = f(y(t)) on t>to,y(ts) = Xo € R™.

Here f : R? x R, — R%is a locally Lipschitz continuous function and particu-
larly, for some K > 0,

1f(Xy, 1) < K|X| for all (X;,t) € R*x Ry,. (6)

We now use the m-dimensional Brownian motion B(t) = (Bi(t),..., B, (t))"
as the source of noise to perturb the given system. For simplicity, suppose the sto-
chastic perturbation is of a linear form, that is the stochastically perturbed system

is described by the semilinear Itd equation

dX, = f(Xi, t)dt + > GiXidBi(t) on t > 1o, X(ty) = Xo € R, (7)

=1

where all G;,1 < ¢ < m are d x d matrices. Clearly, equation (7)) has a unique
solution denoted by X (¢;ty, Xo) again and, moreover, it admits a trivial solution
X, =0.

15



Theorem 6 [I6] Let ((6) hold. Assume that there are two constants X > 0 and
p > 0 such that

M NGX < MXP and D |XTGXT| = pl X!

@)
i=1 i=1
forall X; € R%. Then
li 11 X(t;tg, Xo)| < K A 9
fim sup—log [X(t;to, Xo)| < = { p— K = 3 | a-s. ©)

for all Xy € R%. In particular, if p > K + %)\, then the trivial solution of equation
(7) is almost surely exponentially stable.

Proof: [16], pp. 137.

2 Main results

2.1 Four-Dimensional Brownian Motion

We have a matrix linear stochastic differential equation

X1(t) aj; Q12 Az Aaig g1 912 913
where X, — Xz(t) A= Q21 Q22 A23 A24 G — 921 g22 go3
! X3(t) ’ a3z1 @32 a3z Qas3q ’ g31 932 933
X4(t) @41 Qg2 Q43 Qg gu1 942 Ga3
Bi(t)
_ | Ba(?) —
By = By(t) , Qij, gi; for e, 5 = 1,2, 3,4 are constants.
By(t)

Definition 11 Lyapunov quadratic function V' is given
V(Xt) = XtTQ Xt7

where () is a symmetric positive-definite matrix.

16
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The Euclidean matrix norm of the matrix A = (a;;),i =1,...,n;j=1,...,n
on the space R" can be define as

1Al =

2.2 Results for the general matrix Q
Definition 12 Lyapunov quadratic function V' is given
V(X)) = XtTQ X,
41 G2 43 Q4

where () = R N Y symmetric positive-definite matrix. Positive-
a3 42 41 42

qa q3 G2 q1

definite matrix is verified by the Sylvester’s criterion. There have to apply these
conditions together
Ay =q >0,
Ay =qi—q¢; >0,
As = q} + 24543 — 143 — 215 > 0,

Ay = a3 + 005 + G0 — 01959 — 2470293 — G105 — 26505 — G394 + G5 + 4

+20145q3 + 491929394 + 4544 — 2024595 — 4145 — 4594 — 47 g > 0.
Theorem 7 Zero solution of equation is stochastically stable if holds

LV <0,

where

LV 2 (a11qr + axng + az1q3 + angs) X7 (t) + 2 (a12¢2 + azg + asqe
a12q3) X5(t) + 2 (a13qs + assqo + assqr + aszge) X5(t) + 2 (a14qa

a24q3 + azaqo + asaqr) X; (1) + 2 (a12q1 + a11g2 + azogo + azqr + as2qs
a31q2 + aa2qs + a51q3) X1(t) Xo(t) + 2 (a13q1 + a1193 + a2sqe + azsq1
a1q2 + as3qs + a31q1 + a43qs + as1q2) X1(1) X3(t) + 2 (a14q1 + a11qu

2492 + G21q3 + 3493 + 3192 + a44qs + aq1q1) X1 (6) X4 (t) + 2 (a13¢2

+ o+ o+ o+ o+

17



X + 4+ + + + + +

Proof:

a12G3 + A22q2 + a33G2 + A32q1 + A43q3 + a42G2) Xo(t) X3(t) + 2 (a14¢2
A24q1 + A22q3 + A34G2 + A32G2 + As4q3 + as2q1) Xo(t) Xa(t) + 2 (a14g3
(2402 + (23G3 + azaqr + 33G2 + @aago + aszqr) X3(8) Xa(t) + q1 (95,

9%2 + 9%3 + 9%4 + 931 + 932 + 933 + 934 + 932,1 + 9:’32 + 9:?3 + 9?%4 + 921
i + Gis + 924) + 242 (911921 + G12922 + 913923 + Gragoa + 921931 + G22g32
923933 + 24934 + G31941 + 932942 + G33943 + g349a4) + 2¢3 (911931

G12932 + G13933 + G14934 + G21941 + 22042 + 923943 + 9249a4) + 244
(911941 + 912942 + 913943 + G14944) -

We compute derivation of Lyapunov function of equation (10)). We get the equation

dV(X;) = X/ QAX.dt + X/ QGdB; + X ATdtQX, + dB GTQX,
+ dBIGTQGAB,.

In matrix form

X (t)

Xo(t)

v X3(t)

X4(t)
Xit)\" [ @
_ Xo(t) a2
X;5(1) q3
Xu(t) 4
Xlgt; a
th 2
o X0 "
Xu(t) 4
Xl(t) r aiq
Xg(t) 21
+ Xg(t) asy
X4(t) ay41

q2
q1
q2
qs

q2
q1
q2
qs

a2
22
a32
42

g3
q2
qi
q2

qs
q2
qi
q2

q4
qs
q2
q1

g4
qs
q2
q1

a13
23
33
Q43

Q14
24

34
Q44

18

a11
21
as1
Q41

g1
g21
gs31
ga1

a2
22
a32
Q42

g12
922
g32
ga2

q
g2
q3
g4

a3
23
33
Q43

g13
g23
933
943

q2
q1
q2
qs

14
24
34
Q44

914
924
g34
a4

qs
q2
a1
q2

q4
qs
q2
q

dt

dt



) gii 12 913 G4 G G2 93 Qa Xi(t)
) 921 G22 G923 Q24 @2 ¢1 42 g3 Xo(t)
) 931 932 933 Y34 3 @2 @1 G Xs(t)
) 941 Ga2 G943 Qa4 ds g3 42 41 Xa(t)

dB; (¢) T g11 g12 G13 G4 Q1 g2 43 g4
dBs (1) 921 g22 G23 G2a Q2 1 42 g3
dBs (t) g31 g32 033 G34 43 42 q1 QG2

941 a2 G943 Qa4 ds g3 42 41

g1 912 913 G4 dB(t
921 922 923 G24 dB
g31 g32 G33 G34 dBs3
941 G42 943 Gaa dB

We get

+ 4+ 4+ ++++x X

dV(X;)

2 (a11q1 + a21g2 + azigs + as1qs) X7 (6)dt + 2 (a12g2 + azaqi + azago + asags)
X3 (t)dt + 2 (a13q3 + a23q2 + assqr + aazqe) Xj (£)dt + 2 (a14g4 + a2443

31z + asaqr) X; (0)dt + 2 (a12q1 + a11G2 + a222 + a2 @1 + az2q3 + az1qo

as2qs + as1q3) X1(1) Xo()dt + 2 (a13q1 + a11g3 + a23q2 + ag3qy + a1z + assqs
a31q1 + a43qs + a41q2) X1 (8) X3(t)dt + 2 (a14q1 + @11G4 + a24G2 + A21G3 + G343
a31q2 + asaqs + anqr) X1 (8) Xa(t)dt + 2 (a13g2 + a12G3 + a22q2 + as3q2 + azq1
a43q3 + as2q2) Xo (1) X3(t)dt + 2 (a14q2 + a24q1 + 22G3 + a34G2 + A32G2 + G443
a42q1) Xo(t) Xy (t)dt + 2 (a14G3 + a24q2 + a23¢3 + 34q1 + A33G2 + Aaaq2 + 43G1)
X3(t) Xa(t)dt + @ (9%1 + 9ia + 9t + Gia + 951 + G + G35 + G + 951 + 95

933 + 954 + 931 + 9ia + 935 + 91a) At + 202 (911921 + 912922 + G13923 + J14924
921931 + 922932 + 923933 + 924934 + 931941 + g32942 + 933943 + g3agaa) dt

2¢3 (911931 + g12932 + 913933 + G1ag34 + 921941 + Go29an + 923943 + goagaa) dt
2q4 (911941 + G12942 + 913943 + G1agaa) At + 2 [(1 X1 (t) + @2 Xo(t) + ¢ X3(t)
q1X4(t)) (g11dBi(t) + g12d Ba(t) + g13dBs(t) + g14d Ba(t)) + (g2X1(¢)

@1 Xa(t) + 2 X5(t) + g3Xa(t)) (g21dB1(t) + g22dBa(t) + go3dBs(t) + goadBa(t))
(3 X1(t) + @ Xo(t) + 1 X3(t) + @2 Xu(t)) (g31dB1(t) + gz2d Ba(t) + g33d Bs(t)
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+ 934dBy(t)) + (qaX1(t) + 3 Xa(t) + @2 X3(t) + 1 Xu(?)) (9a1dB1(t) + gaad Ba(1)
+  9a3dBs(t) + gasdBy(t))]

We apply expectation F {dV (X;)}

E{dV(X)} =

e i S S S S S G N

2 (a11q1 + a2192 + az1q3 + as1q4) X7 (1) + 2 (a12g2 + azeqr + az2qo
asqs) X5 (t) + 2 (a13qs + assqo + assqr + aszge) X5(t) + 2 (a14qa
a24q3 + azaqo + asaqr) X5 (t) + 2 (a12q1 + a11g2 + azngo + anqr
a32q3 + a31q2 + G42qs + as1q3) X1(t) Xo(t) + 2 (a13q1 + a11g3
a3q2 + Ap3q1 + 21G2 + a33q3 + az1q1 + A43qs + as1qe) X1(t) X3(t)
2 (a14q1 + @11qs + A24G2 + A21G3 + 34G3 + 31G2 + Qaaqs + As1q1)
X1(t) X4(t) + 2 (a13q2 + a12G3 + a22q2 + a33q2 + a32q1 + A43G3
as2q2) Xo(t) X3(t) + 2 (a14G2 + a24q1 + a22q3 + a34G2 + a32G2
a44q3 + asoq1) Xo(t) Xu(t) + 2 (a14G3 + a24q2 + a23q3 + asaq
as3q + aaaqe + as3qr) X3(1) Xa(t) + @1 (9%1 + Gho + 915 + 94 + 9o
932 + 933 + 934 + 9?%1 + 9?%2 + 9?%3 + 934 + 931 + giz + 923 + 924)
2¢2 (911921 + G12922 + 913923 + Gragea + 921931 + Go2932 + 923933
924934 + 931941 + G32942 + 933943 + 934944) + 243 (911931 + G12932
G13933 + 14934 + 921941 + 922942 + 923943 + 924944) + 244 (911941
912942 + 13943 + G1agas) = LV d2

2.3 Results for the unit matrix Q

For () = I, where [ is a unit matrix, we get

LV

+ o+ o+

2a11 X7 () + 2a92 X5 (1) + 2a33.X5 (t) + 2044 X5 (t) + 2 (a12 + a21) X1 (1) Xo(t)
2 (@13 + ags + az1) X1(¢) X5(t) + 2 (a14 + aa1) X1(8) Xa(t) + 2a32X5(t) X3(¢)
2 (g4 + aa2) Xo(t) Xu(t) + 2 (a4 + ass) X3(t) Xa(t) + (911 + 912 + 915 + 914
o1+ Gao F 933 + 924 + 951 + 932 + G35 + g5a + 9 + g + Gis + i)

Now we can find conditions of a stability system. The system will be stable if the
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Lyapunov function LV is negative definite, so

2&11X12<t) + 2&22X22(t) + 2@33X§(t) + 2(1,44XZ(75) + 2 (CL12 + a21) X1 (t)XQ(t)
+ 2 (CL13 + 923 —+ CL31) X1 (t)Xg(t) + 2 (CL14 + (141) Xl(t)X4(t> -+ 2(132X2(t)X3<t)
+ 2 (a2 + ag) Xo(t) Xa(t) + 2 (ass + ass) Xs(1) Xa(t) + [|G|* < 0.

Remark: Because ||G||* > 0, therefore the matrix A must be sufficiently negative,
to obtain a negative definite function. We will demonstrate that the matrix A must
be more dominant than the matrix G for the stability of the stochastic system,

[A[ > lGll-

3 Examples

3.1 Example 1

We consider matrices A and G in the form

a 00 0 0 0 0
loao0o0 Sl oa 0 o0
A=looao || 002 o

000 a 00 0 &

3.1.1 Conditions for the existence of solutions

The matrix A will be negative definite under following conditions:
D1 =a< 0,
Dy =a? >0, Dy follows from Dy,

Ds=a?<0&a<0Aa®>0,D; follows from D, Do,
Dy=a*>0<« a® >0, D, follows from Ds.

From these conditions it is evident that a < O or the first condition D;.
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3.1.2 Solution of the differential system A

We find eigenvalues of matrix A as the solution of the characteristic equation

a— A 0 0
0 a— A 0
0 0 a— A
0 0 0 a— A\

o O O

=0,

(a — )\)4 =0= )\1,27374 = a.

Then
Xl(t) = €at,
Xo(t) = te™,
Xg(t) = that7

Xy(t) = tle

The general solution is given by a linear combination X; = C; X (t) + Co Xo(t) +
C3X5(t) + Cy X4(t) with arbitrary constants C, Cy, Cs3, Cy, S0

X, = Cre™ + Cyte™ + Cst?e™ 4 CytPe™, t € R,

and because ¢ < 0, then this solution is stable.

3.1.3 Solution of the stochastic system

We determine stability of solution for () = [
a2
50

£ EX(dBaAr) + EXo(D)dBa(t) + EXu()ABA(?).

dV(X;) = 2 (aXf(t) +aX3(t) +aX3(t) +aXi(t) + ) dt + %Xl(t)dBl(t)

2

E{dV (X))} =2 (aXf(t) +aX3(t) +aX2(t) +aXi(t) + %) dt = LV dt.
If holds the inequality LV < 0, thus
2
a
X< —=—
aIXOI < 5,

for X; = C1e + Oyte™ + Cst?e® + Cyt?e™, t € R, then the system is stochastic
stable.
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3.2 Example 2

We consider matrices A and G in the form

a 0 0 0 a9 0 0
| 0a 0 0 0= 0 0

A=1 0 0w 09T 0 0m ol
0 0 0 as 0 0 0 o

where a; # a; fori # j;1,5 = 1,2, 3,4.

3.2.1 Conditions for the existence of solutions

The matrix A will be negative definite under following conditions:

Di=a < 0,

Dy = ajay > 0< ay <0, Dy follows from Dy,

D3 = ajasa3 < 0 < az < 0, D3 follows from Do,
D, = arasasas > 0 < ay < 0, D, follows from Dg.

From these conditions it is evident that a; < 0,7 = 1,2, 3, 4.

3.2.2 Solution of the differential system A

We find eigenvalues of matrix A as the solution of the characteristic equation

a; — A 0 0 0
0 CLQ—/\ 0 0 —0
0 0 as — A 0 ’
0 0 0 ag — A

(a1 — A)(ag — A)(az — M)(as — A) =
Then

/\Z:CLZ:>XZ(t) = €

The general solution with arbitrary constants C'y, Cy, C5, Cy is given by

4
X =) Cie"' teR,
=1

and because a; < 0, then this solution is stable.
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3.2.3 Solution of the stochastic system

We determine stability of solution for () = [

2 2 2 9
dV(X;) = 2 (chf(t) +as X2(t) + as X2 (t) + as X3(t) + ayta;+az+ 614) dt

200

+ %Xl (H)dBy(t) + %Xg(t)ng(t) + %Xg(t)dB?,(t) + %X4(t)d34(t).

E{dV(X,)} = 2 (ale(t) + ag X3(t) + as X2 (t) + ay X3 (t) +
= LVdt.

a? + a3 + a3 + a? "
200

If holds the inequality LV < 0, thus

_aj+ai+a3+af

a X7 (t) + ao X5 (t) + asXa(t) + as X3 (t) < 0 7

for X; = Z?:l C;e%t t € R, then the system is stochastic stable.

3.3 Example 3

We consider matrices A and G in the form

o 1 1 1 a1
| 0 11 I U R
A=l 0 0w 197 0 0@
0 0 0 ag 00 0 %

3.3.1 Conditions for the existence of solutions

The matrix A will be negative definite under following conditions:
Di=a < O,
Dy =aia0 > 0 ay <0, Dy follows from D,

Ds = aia0a3 <0< a3 < 0, D5 follows from DQ,
Dy = aia0a3a4 > 0 ay4 <0, Dy follows from Ds.

From these conditions it is evident that a; < 0,72 = 1,2, 3, 4.
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3.3.2 Solution of the differential system A

We find eigenvalues of matrix A as the solution of the characteristic equation

a; — A 1 1 1
0 CLQ—/\ 1 1 —0
0 0 as — A\ 1 ’
0 0 0 ag — A

(a3 — A)(ag — N)(az — X)(ag — A) = 0.

According to previous example the general solution with arbitrary constants C'y, Cs, C3, Cy
is given by

Xt = C’le“lt + Cgeazt + C’g€“3t + O4€a4t,t S R.

We can write for a general matrix H

aa a B

B 0 ap & €
H= 0 0 a3 kK |’

0 0 0 ay

where «, 3,7, 6, ¢, k € R, the general solution is
Xt = Olea’lt + 026a2t + Ogeagt + 6146(141&7 te R,

where C', Cy, C3, Cy are constants.

3.3.3 Solution of the stochastic system

We determine stability of solution for () = I.

AV (X)) = 2(a1XE(t) + aaX2(t) + asX2(t) + as X5 (t) + X1 (1) Xa(t) + 2X,(t) X5(t)
a? + a3 + a3 + aj
200
2X, (1) (%dBl (1) + dBs(t) + dBs(t) + dB4(t)> 2X,(1) (%d34(t)>

Xi (1) Xy (t) + Xo(t) Xa(t) + X5(t) Xa(t) + + 3)dt

+ o+ o+

2X,(t) (%ng(t) +dABy(t) + dB4(t)> +2X(t) <%ng(t) + dB4(t)> .
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E{dV (X))} = 2(a XE(t) + asXa(t) + asX3(t) + aa X7(t) + X1 (t) Xa(t) + 2X1 (1) X3(2t)
al + a3 +aj+aj

3)dt
200 +3)

+ Xi(6)X4(t) + Xo(t) Xu(t) + X3(t) Xa(t) +
= LVdt.

If holds the inequality LV < 0, thus
a1 X7(t) + as X3 (t) + as X () + aaX3(t) + Xa () Xo(t) + 2X1(£) X5(t) + X1 () Xa(t)
_ai+a3+ai+ai
100

for X; = Ce™! 4+ Che®! + Cye®t + Che®t t € R, then the system is stochastic
stable.

+ Xo(t)X4(t) + X3(t) Xy(t) <

_67

3.4 Example 4

We consider matrices A and G in the form

a0 0 a a g 0 @

10

A 0 a; aa O = 0 Z—é % 0
0 a; ap O 0 % % O

aa 0 0 o 2 0 0 %

3.4.1 Conditions for the existence of solutions

The matrix A will be negative definite under following conditions:
Di=a < 0,
Dy = a? >0, Dy follows from D,

Ds=a3—a1a2<0&a; <0Aa?—a3>0= |ay| <|ay|.
D, = aj —2a3a3 + a3 > 0 & (a? — a3)? > 0, Dy holds for arbitrary |a;| # |as] .

From these conditions it is evident that a; < 0 and |az| < |a4].

3.4.2 Solution of the differential system A

We find eigenvalues of matrix A as the solution of the characteristic equation

al—)\ 0 0 (05}
0 CL1—>\ a9 0 —0
0 (45} al—/\ 0 ’
Q9 0 0 al—)\
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(a1 =A)? —a3)* = 0,

jar = Al = |az].
Then according to Example (3.2) in paper [2] we get

for ay; >0 is Xio(t) = (1, )Te(—al—i-az)t’
for ay <0 is Xjof

for a; <0 is Xj4(t) = (1, )Telzar—az)t
for ay >0 is Xj4(

The general solution is given by a linear combination X; = C X (t) + Co X5 (t) +
C3X3(t) + C4X4(t), with arbitrary constants C1, Cy, Cs, Cj.

3.4.3 Solution of the stochastic system

We determine stability of solution for () = I.

dV(X;) = 2[a(X7(t) + X5(t) + X3(t) + X7 () + aa (X1 (£) X3(t) + 2X:1 (£) Xu(t)

bOXa(8)X5(t)) + % n %} dt +2X, () (‘i‘—(l)cua1 (t) + %dB4(t)>

+2X(1) <(f—(1)dB2(t) + %ng(t)> +2X5(1) (%ng(t) n %ng(t))

2X4(t) (%dBl (t) + %d&(t)) .

E{dV(Xy)} = 2[ar(X7(t) + X5(t) + X5(t) + X7 (1)) + aa(X1(£) X3(t) + 2X:1 (£) Xu(t)
a?  a?
Xo(t) X5(t Ly 2 d¢
bXX(0)+ 2
= LVdt.
If holds the inequality LV < 0, thus

_a%—ka%
50

for X; = C1X1(t) + CoXo(t) + C3X5(t) + CyX4(t),t € R, then the system is
stochastic stable.

ay HX(t)H2 + as (X1 (t) X5(t) + 22X (1) X4 (t) + Xo (1) X3(1)) <
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4

Conclusion

There was defined stability and stochastic stability of the stochastic differential
system. Conditions for stochastic stability were established on the model of the
stochastic differential system with four-dimensional Brownian motion by using
Lyapunov theorem. Results were illustrated on trivial examples. Such type of
equations can be used also in biomedical engineering, in meteorology, epidemic
modeling, predicting economics, etc.
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HYPERBOLIC SINE AND COSINE FROM THE ITERATION THEORY
POINT OF VIEW

Jaroslav Beranek
Pedagogicka fakulta MU
Poii&i 7, 603 00 Brno, Cesk4 Republika
beranek@ped.muni.cz

Abstract: The article is devoted to an example of a discrete representation of functions from
the point of view of an iteration theory. On the basis of two real functions, the hyperbolic sine
and cosine are represented through their vertex graphs and the existence of iterative roots is
solved. The article includes also basic information and examples of isomorphic mono-unary
algebras. In the conclusion of the article there is given a discrete description of a function f(x)
= cosh x — 1, where a formal description of its second iterative roots is demonstrated.

Keywords: Hyperbolic functions; theory of iteration; iterative roots; vertex graph; mono-
unary algebra.

INTRODUCTION

Currently, the subject matter and methods of mathematics teaching in the world are
undergoing a phase of substantial changes which have resulted from the development of
mathematics and its applications. Mathematics teaching has to lead to its applicability.
Mathematics should not be taught as a theoretical discipline, but as a tool for solving practical
problems. The need of the conscious acquisition of mathematics requires the subject matter to
form an integrated system where all pieces of knowledge are brought into accord through
multiple mutual relations, links and connections which finally contribute to their
understanding, retention and usage. Such a synthesizing attitude should determine all
knowledge of students.

Especially, the dual “approach” to elementary real functions of one variable (from the
continuous and discrete points of view) is of great significance. Within the scope of school
mathematics at all types and stages of schools, the continuous approach is preferred, where
functions are represented through their Cartesian graphs. The other approach, the discrete one,
where functions are represented through their vertex graphs, is nearly unknown to the
students.

This article shows an example of the discrete approach to functions through the description
of vertex graphs of two hyperbolic functions — the sine and cosine — including the use of their
graphs for solving the problem of iterative roots of these functions. In the final part there is
given one “modification” of the hyperbolic cosine which shows further remarkable
applications for solving functional equations. The reason for the choice of these two
hyperbolic functions is, among others, the fact that although these functions are relatively
simple in the form and they have quite a lot of practical applications, they are unjustly
neglected at school mathematics.
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1. HYPERBOLIC FUNCTIONS
X —X X -X

Let X € R be arbitrary, then sinh x = %, coshx = =% The Cartesian graphs are

represented in Figure 1.

Yy

sinh(x)

Y
cosh(x)

Fig. 1

From the definitions and Cartesian graphs it is evident that both functions are defined on the
whole real axis, the range of function sinh x is the set R, the range of function cosh x is an
interval (1, ). The hyperbolic sine is an odd function, while the hyperbolic cosine is an even
one.

Now let us show why the given functions are the hyperbolic ones. From the definitions we
can derive the formula cosh? x —sinh? x = 1; it means the point in the plain the Cartesian

coordinates of which are [a cosh t, b sinh t], where a, b are positive real numbers, t is a real
2 2

parameter, lies on the hyperbolax—z— y_2 =
a b

1. Through equations x = a cosh t,y = b sinh t it
is possible to parametrize the hyperbola in the same way as the ellipse through equations
Xx=acost,y=bsint.

There arises a natural question: Do hyperbolic and goniometric functions have similar
properties? The answer is a positive one: similarly to trigonometry, it is possible to define the
hyperbolic tangent and hyperbolic cotangent, and to derive formulas similar to the ones which
apply for goniometric functions. Let us state some of them:

cosh x

tgh x = m, cotghx = — , X #0, sinh 2x = 2 sinh x cosh x,
cosh x sinh x

cosh 2x = sinh?x + cosh?x, sinh (x+y) = sinh x cosh y + cosh x sinh y, etc.

Hyperbolic functions have a wide range of applications in mathematical analysis and

J- dx
VX2 + 3.2

could be solved through the

physics. E.g. it is possible to find the solution of the integral of the type through

the substitution x = a sinh t, the integral of the type j%
X —a
substitution x = a cosh t. The expansion of both basic hyperbolic functions to the Taylor

series is also widely used:

X3 X5 o X2k+1 X2 X4 0 X2k

sinhx=x+ — + — + .= —, coshx=1+ —+ — +..= .
31 5l S (2k +1)! 20 4 (2K )!

If we consider the Cartesian graphs of hyperbolic sine and cosine, we can notice their
striking “resemblance” to the Cartesian graphs of polynomial functions; the function coshx
resembles the function f(x) = x*+1, keN, the function sinh x resembles the function
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f(x) = x**1 keN. There remains the question if hyperbolic functions have some property
similar to the ones of the polynomials. Again, the answer is the positive one; in the discrete
concept (in the iteration theory), functions hyperbolic sine and cosine behave like
polynomials. First of all we need to define necessary terms and state theorems. Let us restrain
ourselves to a brief description. Details could be found in [10], [16].

2. HYPERBOLIC FUNCTIONS FROM THE ITERATION THEORY POINT OF
VIEW

Now we will deal with the discrete description of both above mentioned hyperbolic functions,
their representation with the help of vertex graphs and its application. Let N be the set of all
positive integers, No= N «{0}. The non-empty mapping f of the set A (A = ¢) into itself will
be called the transformation of the given set. For n € No let us define the n-th iteration of the
transformation f as follows: f °(x) = x, f 1(x) = f(x), f "(x) = (f o f "1)(x) for any x € A. Every
transformation f of the set A determines the equivalence ~¢ on A as follows: x ~¢ y, if and only
if there exists a pair of positive integers m, n such that f ™ (x) = f "(y). The blocks of the
decomposition of the set A determined by the equivalence ~¢ are called orbits of the
transformation f, in short f-orbits. The vertex graph of the transformation (function) f will be
plotted in the following way: the elements of the set A will be plotted as points in the plain.
We will join the element x to an element y with an arrow if and only if y = f(x). If f(x) = x (x is
a fixed point of the function f), we will draw a loop around the point x. If the orbit contains
k elements xi, ... Xk with the property f(x1) = Xz, f(X2) = X3, ..., f(Xk-1) = Xk, f(xx) = X1, then we
say that it is k-cyclic and the given k elements form the k-cycle. From the point of view of the
graph theory, the vertex graph of the function is the oriented graph, the orbits of the given
function f are its weakly connected subgraphs.

Let f, g be functions defined on the same set A. Let for every x e Abe g" =fforanyn e N,
n >2. Then the function g is called the n-th iterative root of the function f. The problem of
the existence and construction of the iterative root of the given function f is solved through the
analysis of the vertex graph of this function f. It has been proved (see [16]), that the vertex
graph of the iterative root g of the function f could be obtained by mating of the orbits of the
function f. Precisely, the n-th iterative root of the function f exists if and only if the set of
f-orbits can be decomposed to such blocks that the number of the orbits in every block is the
divisor of the number n and the orbits in every block are n-mateable.

The ordered pair (A, f) will be called the mono-unary algebra (the symbols A, f have the
above mentioned meaning). If (A, f), (B, g) are two mono-unary algebras, then we say that
they are isomorphic and we write (A, f) = (B, g), if and only if there exists the bijective
mapping h of the set A to the set B with the property h o f = g o h. The symbol o denotes the
operation composition of mappings. Both functions f, g are in this case called the conjugated
ones. The vertex graphs of functions of two isomorphic mono-unary algebras are “the same”
from the point of view of the graph theory (if we do not take into account the labelling of the
elements in the graphs). The component of the mono-unary algebra (A, f) will be called the
pair, where the carrier set is the orbit of the function f, and the function is the restriction f on
this orbit. Obviously, the components are minimal sub-algebras (with respect to the inclusion)
of the given mono-unary algebra. Let us give an example of two real functions
f(x) = 2x(1-x), g(x) = x?, for which there exists the bijection h: R — R, h(x) = 1— 2x with the
property h o f =g o h; so there holds (R, f) = (R, g).

Let us get back to the hyperbolic functions. The function f(x) = sinh x is bijective, while
for the only real number x = 0 there holds f(x) = x. The vertex graph of the function sinh x
contains innumerably many two-sidedly infinite chains (details can be found in [3], [5], [10])
and one fixed point x = 0; the vertex graph of the polynomial function f(x) = x%, whose
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Cartesian graph is analogical to the one of the function sinh x, contains also innumerably
many two-sidedly infinite chains and three fixed points x1 = 0, xo = -1, x3 = 1. The vertex
graph of the function f(x)= sinh x is in Figure 2:

b4

Q R A

1ot o

Fig. 2
Evidently, these functions are not conjugated due to the different number of the fixed
points. However, if we add two fixed points to the vertex graph of the function sinh, then the
newly defined function will be conjugated with the function x3. We will perform such
modification through extending the real axis by adding two improper points + «, — o, SO we

will define the set Ry = R & {+ 0, — o }. On the set Rn we will define the function Sinh x as

follows: Sinh(—o0) = — o0, Sinh(+ o) = +o; for all X € R there holds Sinh x = sinh x. Then
the both considered mono-unary algebras are isomorphic, and we write (Ry, Sinh) = (R, x°). If
we examine the iterative roots of the function sinh x, then obviously for everyn e N, n >2
there exists the iterative root of the order n. For the fixed point x = 0 there always applies
f "(0) = 0, the other two-sidedly infinite chains can be mated for every chosen n. For n = 3,
the mating is shown in Figure 3:

_____

Now, let us consider the function cosh x and the analogical polynomial function x* + 1.
Neither of these functions has any fixed point. Both of them are even functions, their vertex
graphs are the same (only the labelling of the vertices differs). They contain one orbit in the
shape of the chain with the minimal element 0, its successor is number 1, etc. and because the
functions are even, on every positive element of the chain beginning with the vertex 1 there is
mapped the vertex labelled with the opposite negative number. Further, they contain the
vertex graphs of innumerably many orbits of the “similar” shape as the first orbit, whose
minimal elements are pairs £k, where k € (-1, 0) (0, 1).The vertex graph is in Figure 4:



Fig. 4

Mono-unary algebras formed of both functions are isomorphic, so we can write
(R, cosh) = (R, x?+1). If we want to solve the problem of the existence and construction of
the iterative roots, we can state that the function cosh x has iterative roots of all orders. One
orbit containing the zero is mateable with other orbits for every permissible n, other orbits are
mateable as well (because they are the same). For n = 3, the mating is illustrated by Figure 5:

Fig. 5

In order not to restrict ourselves only on the intuitive representation of the iterative roots of
the function f(x) = cosh x with the help of the picture, we will show the formal description of
mating of one orbit containing the zero with m—1 other orbits for an arbitrary iterative root of
the order m. Let us show that for any permissible m these orbits are m-mateable. We will
denote the orbits: the orbit containing the zero will be denoted as £, other orbits (2, ..., On-1.
The minimal non-negative element of the orbit (X is 0, the minimal positive elements of other
orbits will be labelled as x; X,,..., X,,. Let us define the function g as follows:

(X)) = X, 9(—%) = X, fori=1,.., m-2, g(x_,) = 9(-X,,) =0, g(0) = f(x,), further for
p e N let us define g[f "(x)] = f "(x.,,), o[- f "(x)] = — "(x,,,) for i = 1,..., m-1, g[f "(0)] =
g[-"0)] = £""(x,). For the function g there applies g" =, so the orbit (& is m-mateable with

orbits 2, ..., Qw1 and the function f = cosh x has iterative roots of all orders. Another
possible description of iterative roots will be shown in the next section.

3. ITERATIVE ROOTS OF ORDER TWO

We have already shown that from the point of view of the iterative theory, the function
hyperbolic cosine is analogic to the quadratic function x? + 1. We will further “extend” this
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analogy as follows: the simplest quadratic function is f(x) = x2. Under such analogy, the
corresponding function should be the function q(x) = cosh x — 1. We will show the
correctness of such consideration, and with the help of the function g(x) we will show next
interesting courses of our exploration, more suitable for university students due to its formal
demands.

The orbit structure of the function q(x) = cosh x — 1 is the same as the one at the function
f(x) = x2. We will present the description of the quadratic real function f(x) = x? using its
vertex graph. The mono-unary algebra (R, f) has just two finite components with carrier sets
Ko = {0}, K1 = {1, 1} with 1-element cycles {0}, {1} in the given order. Further, it is formed
of uncountable many enumerable components K, t € (0, 1).These infinite components K; are
isomorphic to each other, i.e. they have the same vertex graph. It is easy to show (see [8]) that
this vertex graph is the same as at the mono-unary algebra (Z, w), where 1 Z - Z, 1(z) =z
+2 for an odd z, x(z) =z +1 for an even z.

Now let us proceed to the function q(x) = cosh x — 1, whose vertex graph is analogic to the
above mentioned simplest quadratic function. The equation cosh x — 1 = x has an evident
solution xo = 0, and also an approximate solution x; = 1,616. These are two fixed points of the
function g; considering that the function q is the even one, there also holds that f(-1,616) =
1,616. Let us denote the number —1,616 as x. The orbital structure of the function g(x) = cosh
X —1 is as follows: one orbit (let us name it Ko) is a 1-element one and contains the vertex 0,
the second orbit is a 2-element one (let us name it K1), containing two vertices X1, X2 and is
finished with the loop in the vertex xi1. Further, the vertex graph contains uncountable many
orbits, the base of which are two-sidedly infinite chains, where on each positive vertex there is
mapped one vertex denoted by the opposite number (denoted analogically as K, t € (0,1)).

The vertex graph is shown in Figure 6.
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Fig. 6

In the further text we will use the monoid of the function’s endomorphism
q(x) = cosh x -1, denoted as End(R,q). According to the familiar definition, there holds
End(R,q) = {h:R - R; h 0 g = q o h}; sometimes we also call it the centralizer of the
transformation q in the full transformational monoid T(R). Now let us prove that the function
q(x) = cosh x — 1 has iterative roots of all orders, even in the set End(R, q). The set of all

second iterative roots of the function g will be denoted \/q .

Theorem 1: (See [8]) Let g: R — R be the function defined by the formula g(x) = cosh x — 1
for every x € R. The equation f "= q has a solution in the monoid End(R,q) for every n € N.



Proof: From the description of the vertex graph of function g there applies (Fig.6) that it
contains two finite components Ko, K1 and uncountable many infinite countable components

K, t € (0,1). Let us consider the mono-unary algebra (R,q) in the form (R,q) = Z( Ki.0¢ ),
te(0,1)

where g, = q| K, fort € (0,1), K; = {0}, K, = {X1, x2}. Let y be the decomposition of the set
system {K,; t(0,1)} to such blocks that every block of the decomposition y contains just n
elements. Let us consider an arbitrary block of the decomposition y and let us denote its
elements Ktl Ktn . For every pair of the indexes i, je {1,..., n} there holds that (Kti X ),
Ay )

i+1
be the relevant isomorphism (a firmly chosen one from many isomorphisms of these
components) for i = 1, 2,..., n-1. Let fe :(Ktn ,qtn) — (Ktl,qtl) be the homomorphism

(Ktj ,qtj) are isomorphic continuous mono-unary algebras. Let f, :(Kti Ay, )= (K,

i+1

defined by the relation
f, () =coshy —1,wherey =(f, of, o..of )™ (x)=(f,0..0f " )(x).

The mappings f, ..., f,  are bijections, so their composition is the bijective one as well.

tn—2

The existence of the homomorphism fe follows from [12]. Now let us denote f: R — R as the
function: f(0) =0, f(x2) = f(x1) = xu, f(K ) = f for every t; & (0,1). From the definition of the
function f it is evident that f(cosh x — 1) = cosh f(x) — 1 for every x € R, i.e. f € End(R,q).
Now let us show that f " = g. Let X € R be an arbitrary number. If X e {X1, X2, 0}, then
f r](x) =cosh x —1 =q(x). Let x € R —{xa, X2, 0}. Then there exists a block { Ky s i =1,., n}of

n
the decomposition y for which xe| | Ky ... xeKy for some suitable natural number Kk,
i=1

1 <k <n. At first, let us assume that k = 1; then fn(x): f, [(f_,0..of )(X)] =coshy -1,

n-1
where y=(f,_o..of ) 0 (f,_o..of )(X)=(f 'o..of "of, o0..of )(X)=X

(*)

S0 fn(x) = cosh x — 1. Let 1 <k <n. Then fn(x):( fy ,0...of of of, o..of; )(X) =

( fy, 0 ..0f¢ )( f (w), where u = ( f, 0..of )(x). According to the definition of fe there
(%) )

holds f; (u) = cosh[( fo..of * )(W] -1 = cosh[(f, "o..of " )(X)] —1. Asf, is the

)

for every me {1, 2,..., n -1}, the mapping ¢ = f; o...of, isthe isomorphism of the mono-

isomorphism of the mono-unary algebra (Ktm ,qtm) on the mono-unary algebra (Ktm+1 NN

m+1

unary algebra (Ktl ,qtl) on the algebra (Ktk i, ). With respect to the equalities (), (* *),
we will get f'(x) = o ( fi (u)) =¢ (cosh[¢™(x)] — 1) =cosh(¢ 0 [(p'l(x)]) —1=coshx -1=

q(x), because also the function ¢ is interchangeable with the function g. Thus the proof is
finished.

In Theorem 1 we proved that for every n € N, n > 2 there exists the n-th iterative root of
the function q(x) = cosh x — 1 interchangeable with this function. In the case of the iterative
roots of the second order we will prove even more; we will prove that every function
f: R = R, which is the solution of the equation f = g, commutes with the function g. Firstly,
let us give the auxiliary statements, the details see [8].
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Lemma 1: Let f e\/a* .Then there holds: f (Ko UK ) Ky UK, f( |JK;) < U K; .
te(0,1) te(0,1)

Proof: From the shape of the orbits of the function g and from the formula f = q=coshx -1

we immediately realize that for any function f e\/a* either f(0) = 0 (and then f(x2) = f(x1) =

x1) or f(0) = x1 (which requires f(x2) = f(x¢) = 0). This also implies that for x € R —{ x1, X2, 0}
there holds f(x) € R —{ x1, X2, 0}.

Lemma 2: Let f e\/a* . Then for every t £(0,1) and every x € K, there holds f(x) e R—K;.

Proof: The Lemma immediately results from the general theory of mating of orbits (see [16]).
None of the considered orbits contains a cycle, so according to the general theory none of
them can be self-mateable for any natural number n, n > 2. Let us show the proof without
using this theory.

We have already mentioned the fact that the vertex graph of the function q(x) = cosh x —1
is the same as the one of the function p(x) = x? (only the labelling of the elements is different).
Therefore we can write (R, q) = (R, p). Now we will use this isomorphism and perform the
proof for the function p instead for the function g. This will make the notation substantially
easier. Without detriment to universality there holds f e\/E*

Let us assume that there exists a number x, € K, (for some t (0, 1)) such that f(x,) € K.

Without detriment to universality we can assume that x, > 0. Then there exists n e N, n >2
with the property f(x;) = xgn. The case when x, = [f(x, )]2m for a suitable m > 1 implies

f[f(x,)] = xg =[f(x%, )]Zml, so it is sufficient to consider the case when f(x) is above X, in

the ordering <, i.e. f(x;) = x2" . Then f(x2" )=x2 and there further holds f(x2)=x2 , so

then f(x2 )=x2 . Then we will get f *(x2 ) =f(x2') = x2 = xZ =q(xZ ), which

is the contradiction with the premise x, €K, f(x,) € K. So there holds f(x;) & K.

Theorem 2: For every function f: R = R, which is the solution of the equation f ? = q, there
holdsfog= qof,so \/a* cEnd(R,q).

Proof: Let f e\/— *, X, € R be arbitrary. Evidently, for x, e {x1, x2, 0} with respect to
Lemma 1 there holds the relation cosh[f(x,)] —1 = f(cosh x, —1). Now let us consider the pair
s, t € (0,1), for which x, € K, f(x)) € K; according to Lemma 2 s = t. There applies
f %(x,) = cosh x, — 1, s0 cosh[f(x,)] — 1 = f “[f(x,)] = f[f “(x)] = f(cosh x, — 1), therefore
f(cosh x —1) = cosh f(x) —1 for every number x € R.

Theorem 2 can be expressed in the following way: Every solution f: R — R of the

functional equation f 2(x) = cosh x — 1 is the solution of the functional equation
f(cosh x —1) = cosh f(x) —1 -

Now let us describe formally the structure of functions f e\/a* We will show that this

structure can only be of two types. The corresponding Theorem 3 will be given without the
proof owing to the length of the article (the proof can be found in [8]). However, from the
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didactic point of view it is interesting that although the whole situation is absolutely evident
from diagrams, it requires a quite complicated formal notation. This is one of the difficult
aspects of the iteration theory when it is possible to decide relatively easily if the roots exist,
but their formal notation can be considerably complicated.

Definition: Let for two components K, K of the mono-unary algebra (R, g) and for some

function f e\/a*there hold: f(x) e KJ. a f(y) € K, for every pair (x,y) € Ki x Kj. This pair of
components (K;, K;) will then be called the f-pair of components of the mono-unary algebra
(R,q) corresponding to the function f.

Let us remark that such situation with two components is enforced because none of the
components K, t € (0,1) is a cyclic one, so according to the general theory of the iterative
roots none of the components can be self-mateable (the relevant theory is again in [16]). As
we discuss the second iterative roots, the only alternative is to mate the infinite orbits in pairs.

Definition: Let (K, Kj) be the f-pair of components of the mono-unary algebra (R, q)

corresponding to the function f, f ,/q . Then the function 7K = fiy: K — K;and the
function ] K, =1, Ki = K; will be called connective functions with respect to the f-pair of

components (K, KJ.).

It is evident that any component (K, f,) of the mono-unary algebra (R, f) can be
constructed as follows: K = K, UK, where (K, KJ.) is the f-pair of components corresponding

f

where f i)

to the function f e fq ", f, = f, ) UT
to the f-pair of components (K;, K).

i) iy are connective functions with respect

Theorem 3: Let us denote P = R — {x1, x2, 0} (the elements of the set {xi, x2, 0} are of the
same meaning as in Theorem 1; they denote the elements of finite components of the vertex
graph of the function q(x) = cosh x —1). Let f e\/a*. Let (K, f,) be any component of the
mono-unary algebra (R, f), K < P. Then there exits the f-pair (K,, KJ.) of the components of the
mono-unary algebra (R,q), for which either f_ is an even non-negative function or f =
fi;) < fq,) (under a convenient choice of indexes i, j), where f; ; is an odd connective function
and f; , is an even connective function with respect to the f-pair of components  (K;, K)).

Proof: Can be found in [8].

Remark: Both possible cases of the construction of the second iterative roots of the function q
for infinite components K; are depicted in the following Figure 7. On the left there is the case
when fi is an even non-negative function, in the right part there is the case f, =f, ;, «/f; ;.

where f; ;) is an odd connective function and fg, i) is an even connective function.
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CONCLUSION

The article gives the discrete description of two hyperbolic functions: the sine and the cosine.
This non-traditional approach to these functions with the usage of their vertex graphs enables
both the efficient formal description of the construction of their iterative roots, and the formal
description of the second iterative root of the hyperbolic cosine. The text points out the fact
that, while using the discrete approach to functions, it is possible to solve problems which,
while using the classical continuous approach, would be solved with great difficulties (e.g.
some types of equations of one variable). The choice of hyperbolic functions was not random
as well; it demonstrates that these two functions, neglected while teaching mathematics at
universities, offer a wide spectrum of topics for students” individual projects and a great
number of unexpected connections. Thus, they enable the necessary synthesizing approach to
mathematics, which has already been pointed out in the introduction. In the conclusion, let us
mention that the iterative theory of functions itself is by far more extensive and contains many
more and deeper results and applications to the practice (e.g. in the area of numerical
methods). Those interested in this theory could find further information in e.g. [10], [14],
[15], [16], [17], [18], [19], [20].
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Introduction

We consider a system of discrete equations with delay of the form
Az(k) = Bx(k — 1), (1)

where k > 0, B = (b;;)?._, is a constant matrix and z(k) = (z1(k), z2(k))T is

i?j:
an unknown vector.
We suggest a method of solution based on a transformation of system (TI)) to a

system without delay. Systems of this form are often used in the theory of digital
filters ([[L] — [31]).

1 Transformation of the system

Consider a system with delay (1). Since Az(k) = z(k + 1) — x(k), k > 0, the
system (1)) is equivalent with system

z(k+1) =x(k) + Bx(k — 1). ()
Define a new unknown vectors vy (k), va(k), k > 0, by formulas

V1 (k)
Ug(k)

(k—=1), 3)
(k). “4)

T
T
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Then vy (k) = va(k — 1), vo(k 4+ 1) = va(k) + Bvi (k).

Moreover, define a 4-dimensional vector
v(k) = (v1(k), v2 (k)" (5)
Then
v(k+1) = (vi(k+ 1), v2(k + 1))" = (va(k), v2(k) + Boi (k)"
and system (2 can be transformed into a system without delay

v(k+1) = <g g) v(k), k>0 (6)

where F is a 2 X 2 unit matrix and © is a 2 X 2 null matrix.
Let a matrix A be defined as

® F
A_<B E) ™)

Then system (6) can be written as
v(k+1)=Av(k), k>0. (8)
Consider an initial condition of system
v(0) = vy,

where vg is an initial value for dependent vector v. Then, by the well-known for-
mula for the solution of non-delayed linear systems with constant matrices [4], we
have

v(k) = A*(0), k>0. )

2  Formula for A*, k > 0

It is important to give a recommendation to find powers of matrices A in system
@). The following theorem gives formulas to compute povers A* through powers
of the matrix B.

Theorem 1. For powers of the matrix A, given by (7)) it holds

k ap by
pr— >
A <% dJ, k>0, (10)
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where ay, by, ¢, di. are 2 X 2 matrices, ag = FE and

B [(k—2)/2] k1
= — >
a 2 i:EO <2i+1> (E+4B)", k>1, (11)
L(k—1)/2] k
= >
b= 3 ;:O (21 i 1) (E+4B), k>0, (12)
L(k—1)/2]
B k .
= i >
= g > <2¢ N 1) (E+4B)', k>0, (13)
[k/2]
1 k+1 .
= — v > 0.
di= 3 (2Z i 1> (E+4B), k>0 (14)

where |-| is the floor function.

Proof. We use method of mathematical induction.

I.Let £ = 0. Then
v %)
1 «—/ 0 .
ao 2_12<21+ )(E+4B)’ 56
—/ 0 : 1 . :<@ E>
2—1i20<2¢+1><E+4B)Z 20 0(2z‘+1>(E+4B)Z

II. Suppose the formula holds for some k£ > 0. We show then it holds also for
kE+1.
We use the relation

-.
H

Ak+1:Ak'A:A'Ak,

<Gk+1 bk+1>:<ak bk)‘<@ E)
k1 At ck  dy B E)°

The rest of the proof is divided into four parts by formulas (IT]—[T4) for terms ay,
bk, Ci, di, of matrix A*. Then

5 L=y |
Mayagt1 =bp-B=B- by = —— Z <2i+1>(E+4B)l,
=0

i.e.
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so the formula with k& + 1 holds.

IL b) bk41 = ag + by,

we substitute formulas (11]), (I2) for expressions on each sides and in the following
we will modify the whole equation by simple operations without mentioning. So
we obtain

L]
k+1
2k Z <2 +1>(E+4B)

L(k=2)/2] [(k=1)/2]

B k—1 .1 k .
"y 2 (% R 1) (E+4B)' + 5 Zg <2Z, N 1) (E + 4B)’,
| k2] L(k=2)/2]

k41 (4B+E)—E k—1 ;

2k Z < T >(E+4B) g ; <2i+1>(E+4B)
| LoD/ '
= Z; <2i+ 1) (E + 4B)',

[(k=2)/2]
k—1 i+1
7 3 (o) E+18)

Lk/2]
k+1
I

1 [(k—2)/2] ko1 1 L(k—1)/2] i '
o <2 +1>(E+4B) + T Z; <2Z,+1>(E+4B)Z.
Multiplying the both sides by 2* we get
Lk/2] L(k—2)/2]
; (;111)(E+4B)i— ; (; +11>(E+4B)Z“
R (k L ) (E + 4B)' + uki)m < g ) (E + 4B)'
2i+1 —~ \2i+1 ’
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L(k=1)/2]

Lg (5;11>(E+4B) S <2i’il>(E+4B)i

=0

2720 [k=1)/2)
i+1 A
; <21 1) (E+4B)™* + Z (21_ N 1) (E +4B)

(k= 2)/2J _
<2z' +1

>(E +4B)". (15)

To verify the last formula, we consider two cases: either k is even nor odd.

For even k we get from (15)

k/2 k/2—1
k+1 k ,
E+4B E +4B)!
> (o) = 3 (y ) em
k/2—1 k/2—1 i
= i+l E + 4B)!
Z <2Z >E+4B) +; <2¢+1>( +4B)
k/2—1
E—1 ,
— E + 4B)!
gl <2¢+1)( +4B)',
Haal g N k41
S () (11 ) eam
k/2—1 1 k/2—1 R
— E +4B)' = T (E +4B)H?
> (ah )= (5 )

k/2—1

E) e

(") - ()= (") 9

we can transform the last expression into

Utilising formula

k/2—1

2 { <2k%ill> - <2ii1> ] (E + 4B)' + (E + 4B)"/?

=0
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k/2—1

_ ; <§i+11>(E+4B At ; <k2Z1>(E+4B)Z}
k/il <k> (E +4B)" — k/il <k N 1) (E 4 4B)' + (E + 4B)*/?
i=0 2 i=0 2i
k/2—1
_ Z (2@ ) E+4B)i+1,
/z [(5)-(531)] @ amy (s ampe
k/2—1
— /; <§i;11)(E+4B)”1,
Wﬁ:l(k 1>(E~|—4B) +(E+4B)k/2:k/il(k_1>(E+4B)i+1.
£ \2i-1 = \2i+1

If 2 = 0 the first combinative number on the left-hand side equals zero. Therefore
we can write

k/2—1 k/2—1

; <§i_11>(E+4B) + (E+4B)*? = ; (2"’ +1>(E+4B)"+1
k/2—1 k/2 _ 4
; <2kl _11> (E +4B)' + (E +4B)k/? = Z; (2"; _11> (E +4B)’,
k/2—1

; <2]2_11>(E~|—4B) + (E+4B)*?

k/2—1

= Z < Z_1> (E +4B)" + <Z:1>(E+4B)k/2

and finally the following parity 0bV10usly holds
k/2—1

> <k._ 1>(E+4B)i + (E 4 4B)*/?

/ .
Z (2 _1> (E+4B)' + (E +4B)*/2.
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For k£ odd we have from (15)

(k—1)/2 (k—1)/2
k41 k ;
ZZ; <2¢+1> (E +4B)’ zg < >E+4B)
(k— 3)/2 i (k—1)/2 k
— z+1 )
s (Z >E+4B + ; ( +1>(E+4B)
(k—3)/2
k—1 :
- E + 4B
; <2i+1>( +4B),
(k—1)/2
Y (i) (i) e
= 21+ 1 21+ 1
(k=3)/2 k—1 (k—3)/2 i
— 4 1+1 4 7
S (a)Ermre (o0 ) e
2 PP g |
E +4B)F1D/2 _ E +4B)!
+<k>( +48) ; <2¢+1)( +4B)
(k=1)/2 (k=3)/2
k k 1 i+1
; <2>(E+4B) 2 <2H1>(E+4B)
RSN k=1 (k1))
— E+4B)" + (E 4+ 4B)k-1)/2
* ; [<2i+1) <2i+1)]( TAB) + (B4 4B,
(k—1)/2 (k—3)/2
k i k—1 i+1
Zz; (21,)(E+4B) =2 <2i+1>(E+4B)
kh=3)/2 0
- i (k—1)/2
+ ; ( 0 >(E+4B) + (E 4 4B) ,

2

(h=3)/2, ‘ 2 *k=8)/2, '
> <22> (E+4B)' + (k - 1) (E+4B)*=0/2 3" ( o )(E +4B)!

=0

h=3)/2 0
_ (k=1)/2 _ - i+1
(E +4B) Zg <2Z,+1)(E+4B) :
(k=3)/2
> [ <2k> - <k2_ 1> ] (E+4B) + k- (E +4B)+=1/2
=0 2 1
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e _ N2 (k1 i1
—(E +4B) = > (E +4B)"*,

= \2i+1
and finally
k=3)/2 0
> (2. 1) (E +4B)" + (k — 1)(E 4+ 4B)(*=1/2
Z J—
=0
(k=3)/2
B k—1 i1
— go <2i+1)(E+4B) .

If 7 = 0 the first combinative number on the left-hand side is again equal to zero.
Therefore

k=3)/2 ;0
> (2. 1) (E +4B)" + (k — 1)(E 4+ 4B)(*=1/2
7/ J—
=1
(k=3)/2
k—1 :
= E +4B)™!
; <2z' + 1)( +4B)",
k=3)/2 0
> (2. 1) (E+4B) + (k— 1)(E + 4B)(*=1/2
/l J—
=1
(k—1)/2
k—1 ;
= ; <2Z,_ 1>(E—|—4B) ,
(k—3)/2

z; <§1_— 11) (E+4B) + (k= 1)(E +4B)*=D/2

(k=3)/2
k—1 (k-1
— i (k—1)/2
;le <2Z_ } 1) (E +4B)" + <k - 2) (E +4B) ,

k=3)/2 /0 4
> (2. 1) (E+4B)' + (k — 1)(E + 4B)(*=1/2
i
=1
h=3)/2 0
= > (2. 1) (E +4B)" + (k — 1)(E + 4B)*=1/2,
Z p—
i=1

and the formula with k£ + 1 holds.

g B)/2] (k:—i—l

H.C)C]H_l:dk-B:B-dk:f Z % 41
i=0

o7 >(E+4B)i,
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so the formula with k& + 1 holds.

IL d) dk+1 =c+ dk,

we substitute formulas (I3), (I4) and we will again modify the whole equation

without mentioning of simple steps.

(k+1)/2]
1 k+2 i
5 L1/
= 21 ZZ; (21, N 1> (E +4B)
L(k+1)/2]
1 k+2 i
CwB+E) -k B+ 4By
4.2k —~ \2i+1

| k2]
kE+1 i
Z <2$+1) (E +4B)",

| k2
k+1 ;
Z <2 +1) (E +4B)',

[(k+1)/2] [(k=1)/2]
1 k+2 i k i+1
2k+1 ; <2i + 1) (E+4B)" = 2k+1 (2z‘ + 1> (E+4B)
L(k—1)/2] [k/2]
1 k k+1
~ 3T ; <2i N 1> (E+4B)" + <2z N 1) (E +4B)".
Multiplying the both sides by 28! we get
L(k+1)/2] L(k—1)/2]
k+2 i k i+1
ZZ; <2i+1>(E+4B) - 2 <2i+1>(E+4B)
[(k—1)/2] [k/2]

- ¥ <2ii1>(E+4B)i+2

1=0
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L(k+1)/2] Lk/2]
k+2 ; k+1 ;
Y (i)Erm -3 (e

=0 1=0
|(k—1)/2] [k/2)
k , E+1 ,
= E + 4B)t! E +4B)"
S (o) 3 (51w an)
|(k—1)/2] ‘
— <2i+1>(E+4B). (17)

For even k the previous parity is

k/2 k/2
k+2 : k+1 .
> (1) omr =2 (o1 )
k/2—1 k/2
_ k i+1 k+1 i
; <2Z+1>(E+4B) +Z:0 <2 +1>(E+4B)
k/2—1 1
— 2; <2i+1>(E+4B),
k/2 k/2—1
> [(E”) - (k.ﬂﬂ (E + 4B)i = < * )(E+4B)Z+1
P 21+ 1 21+ 1 P 21+ 1
k/2 k/2—1
k+1 : k
E +4B)' — E + 4B)’
+;<2¢+1>( +4B) 2 <2i+1>( +48)
Utilising the form (I6) we get
k/2 k/2—1
k+1 : k :
E +4B)' = E +4B)"*!
S ("5 Jeeamr= (5,
k/2—1
+ Z; <2H1>(E+4B) +<k+1>(E+4B)
k/2—1
— /Z K (E +4B)"
o \2i+1 ’
k/2 k/2—1
Z;( 0 >(E+4B) = z; <2i+1>(E+4B)
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+ z; [(2]‘;111) — (22,]11) ] (E+4B)' +1- (E +4B)/?,

k/2—1 k/2—1

k/il <k; 1) (E +4B)" + (k Z 1) (E +4B)k/% — k/il <§Z> (E +4B)"
i=0 i=0

—(E+4B)k/? = k/il ( K ) (E +4B)"*!

P 21 +1 ’

SCEY - ()] e amy+ s -+ amye
= k/2—1

—(E+4B)k/? = Z; <2Z, N 1) (E +4B)"*,
= \2i—1 — \2i+1
If 7 = 0 the first combinative number on the left-hand side is again equal to zero.
—~ \2i—1 — \2i+1 ’
k/2—1 i 4 k/2 i '
Z - 1>(E+4B)” +k-(E+4B)}? = Z; <2i - 1>(E+4B)’,

oy

1) (E+4B) + k- (E +4B)*/?

k/2—1

- Z; (2i’“_1>(E+4B)i+ <kﬁl>(E+4B)’“/2,

K 7
; <2z‘— 1>(E+4B) + k- (E+4B)k/?
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k/2—1 i
= Z (2. 1><E+4B)i+k.(E+4B)k/2
Z —
=1

and it holds.
For odd £ the parity has form

(k+1)/2 (k-1)/2
E+4B)" - B+ 4B)
; (2i+1>( + 4B) ; (2i+1>( +4B)
(k—1)/2 (k—1)/2
k k41 .
= E + 4B)"! B 1 4B
;(%L)(Jr +Z<+1>(+>
(k—1)/2
k42 (k2
E + 4B)’ E 4+ 4B)k+1)/2
; <2i+1>( i )+<k+2>( +4B)
(k—1)/2 (b-1)/2
ket | y |
E 4BZ: E AB 1+1
; (2”) 4B ; <2¢+1>( +4B)

(k—=1)/2
k+1 k i
ST () e

=0
(k—1)/2
k+2 k+1 i
Z [ <2i + 1) B <2i + 1) } (E+4B) +1- (E + 4B)k+1)/2
i=0
(k—1)/2 L (he1))2 k
= z+1

(k—1)/2 (b—1)/2

Z (k;FZl)(E 4B)' — Z (;)(E+4B)i+(E+4B)(k+l)/2

=0 i=0
(k—1)/2 2
= i+1
= ; <2i+1)<E+4B) ,

(k_zl)/z [ (k;l) B (Qk;) ] (E +4B)" + (E + 4B)*+1)/2

i=0
(k=1)/2

=2 <%i&)ﬂa+“ﬂwa

=0
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2

(k—1)/2 i o) (k—1)/
7 k+1)/2 _ E + 4B i-‘rl.
;:0 (21_ B 1) (E+4B)' 4+ (E+4B) ?:0 <2i N 1) (E+4B)

If + = O the first combinative number on the left-hand side is again equal to zero.
2

(k=1)/2 o) (k=1)/
7 k+1)/2 _ E + 4B i+1
Z(Qi_1>(E+4B)+(E+4B) ;(m_ﬂ)( +4B)",

(k—1)/2 . (k+1)/2 '

(k-b)/2 A
> (21, 3 1> (E + 4B)' + (E + 4B)k+1)/2
i=1
k=12, e
_y ( | )<E+4B>Z+( )<E+4B><’f“>/2,
P 2i—1 k

(k—1)/2 k

> (2. 1)(E+4B)Z‘ + (E +4B)+D/2
7/ J—

=1

(k—1)/2
_ Y <2. 1)<E+4B>i+<E+4B><’“+l>/2,
Z_
i=1

the formula with k + 1 holds and the theorem is proved. O

3 Solution of the system (1)

Let an initial value of system (1)) be given:
z(0) = wo, x(-1) = x4, (18)

where zg = (201, 202)%, 2_1 = (2_10,2_11)7 are 2-dimensional constant vec-
tors.

Then the relevant initial value of transformed system (8) is, by (3) — (3)),
v(0) = v = (z-1,20)" = (x_10, 711, To1, T02)" . (19)
The solution of initial problem (8), (T9) is given by formula (9)
v(k) = Ay = A¥(x_1,20)T, Ek>0. (20)

Since
U(k) = (wl(k - 1),%’2(]? - 1),$1(/€),x2(k))T, k Z 07



the solution 2(k) = (x1(k), z2(k))T of system (1)) satisfying initial data can
be derived by separating the last two rows from (20).
It is easy to see from (20) that

x(k) = cgr—1 + dgxo, k>0,
and the following theorem holds.

Theorem 2. Solution of the initial-value problem (1), (18) is given by formula

g =2 }
=0

Lk/2]
1 k41 .
= E+4B) ). > 0.
* (2k £ <2z’+1>( * >>x°’ k20

4 Conclusion

In the paper we solved an initial problem of system with a single delay. The
original system is transformed into a system without delay. The solution was found
by the well-known formula, but we derived exact formulas for powers of the de-
fined matrix of linear terms. Thanks to this, it was possible to express explicitely
the solution of the initial problem.
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Introduction

In this article we will investigate the counting functions. Denote A(z) the number
of elements n € A C N, where n < z. We show the join between some properties
of A(z) and the series > _,n~'. Then we show the relationship between A(x)
and asymptotic density of the set A. Finally we apply the results for counting
function of the set of all pseudoprime numbers to base 2.

1 Basic Notions and Definitions

Let A={a; <ay<---<a,<---} CN={1,2,...}. Let A(z) denote the
number of elements of the set A less then or equal to x € N i.e.

A(x) =|{neN : n<uz}|

The lower asymptotic density of the set A C N is defined by d(A) = liminf, .,
% and the upper asymptotic density is defined by d(A) = limsup, ., A:(f). If
d(A) = d(A) = d(A), then d(A) is called the asymptotic density of the set A. It
is clear that d(A) € (0,1). For example d(N) = 1, d(P) = 0, d(S) = % and
d(N?) = 0, where P denotes the set of all prime numbers, S denotes the set of all
square free numbers and N? = {1',22 32 ...} (see [1]],[6] and [I7]).

Recall the definition of symbol O. Let f, g are functions defined on R. We

have

~~

() _ 3

f(z)=0(g(x)) & 3IM R : @

~—

)

56



or
Next we denote

The notion of pseudoprime number is defined as follows. The composite number
n is called pseudoprime number on base a if

a"=a (mod n).

For example the integer 341 is preudoprime number on base 2 (see [2]), because
341 =31 - 11 and @ = 2 then

2 =1 (mod 341)
230 =1 (mod 341)
231 =2 (mod 341)

This number was found in 1819. It can be shown that the set of all pseudoprime
numbers is infinite. Paul Erd6s in 1950 for the counting function proved the fol-
lowing inequality (see [3]])

1 1
Py(x) < 2z exp {—glog4 x} :

2 Main Results

Let us recall the relationship between the convergence of series of inverse values
from A and asymptotic density of the set A. We need the following Lemma.

Lemma 1. Let a; > ay > ---a, > --- is a sequence of real numbers. Let
lim, ;o a, = 0 and a,, (n = 1,2,...) are non-negative real numbers. If the
series Y | QG converges then lim,, o(ay + ag + -+ - + o )a, = 0.

Proof. By using the Cauchy-Bolzano convergence criterion i.e. for all ¢ > 0 there
exists m € N that for all n > m the inequality o, 10,1+ - - + ana, < € holds.
From monotonicity of (a,)> we have

an(a/m—i—l ‘|’ Tt + a’n) S am—l—lam-i—l + e ‘I’ Ay Gy, <e€

for n > m. Hence lim,, o @, (st + -+ + @) = 0 for fixed m. Therefore
lim,, oo (0y + -+ - + a)a, = 0. O
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Now we present the sufficient condition to convergence of subseries of har-
monic series along a set A.

Theorem 2. Let A = {n; < ng < --- < mp < --- h I]‘Z;ilnlzl < oo then
d(A) =0.

Proof. Set the a,,, = 1fork =1,2,... and o, = 0 for m # ny. On the base

of Lemmalimn_>C>Q atarteton — ()and A(n) = a; + ag + - - - + a,,. Then we

n

have lim,,_, o # =0ie. d(A) =0. O

Remark 3. The converse of Theorem 2 is not true. For instance the set of all
prime numbers has asymptotic density equals to 0, but >, p,zl = 400, where

P={p<pp<--<pp<-}
Theorem 4. If A(x) = O <log+:c)’ a>1,theny, ,a " < +oc.

Proof. Let A ={a; < as <--- < a, < ---}. By assumption there exist M > 0

such that A(z) < M - —%—. Putz = a, then A(z) = n < M - —%—. Hence
og® x og® x

i < M~nlog+an. Because a, > n (n=1,2,...)islog” a,, > log® n forn > ny,

therefore

Lo L
an — nlog®n

oo 1

. o0 _1
The sequence )~ , 7o, converges for a > 1. Hence the series 3~ a,, " also
converges. [

From Theorems 2] and ] we have the following corollary.
Corollary 5. If A(z) = O (bg%) , a > 1, then d(A) = 0, where A = {a; <
e <a, < }

We show that the converse of Theorem [lis not true.
Theorem 6. Let o > 1 then there exists a set A = {ay < --- < a, < ---} such
that Y7 a ' < 400 and A(x) # O <log+:c)

n=1

Proof. Let § € R, such that 1 < 8 < «. Create a set A in the following way:
A = U2, A, where

Ap=1{2"+1,2" 42, 28 + 1.2}
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andtk:k%forkzzl,Q,....Sinceﬁ>1and

1. 1
DTS G2 <t =5

JEAR

z > Suppose
that A(z) = O (m> Then there exists M > 0 such that A(x) < M -

Specially for z = 2% + [t,2F] we have

the series ., j~' converges. Next we show that A(z) # O (

log xz”

k
Sl < ar 22!
pu = log® (2% + [tx2¥])

therefore i
Z[tﬂj] < M- 2k 4 [t42%]

- log® (2F(1 + tx))

[
Il

The left side is greater then #,2% log®(2*(1 + 1)) hence

k*(log® 2)tx2% < M2%(1 + ;)
oo ke 1
(log 2)ﬁ<M(1 kﬂ)
(log® 2)k> < M(k° +1).

The last inequality does not hold for £ — oo, because by assumption o > 5. [

In the next we will investigate the counting function on base 2. The Erdds’s
equality says that (cf. [3]])

Py(z)=0 (xe_EW) , (1)

where P,(z) denotes the number of all pseudoprimes to base 2 less then or equal
to x. We will show that

x
Py(z) =0 (logax) . > 0. )

From (1) exists K > 0 such that P (x) < K - —

3
q
&8
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Let we show that the inequality

v _ @
e3 Viogzr ~ log® '

a > 0.

It is clear that the log® z < €3V g o > (. It is enough to represent the right
side of inequality with Taylor series. Otherwise the following inequalities hold:

3aloglogx < (log:z:)%, a>0

1
loglog® z < : Viogzloge
logtx < o3 ViogT,
The last inequality holds for sufficiently large x. Hence the (2) holds. From
Theorem @] and Corollary [5| we have the following theorem.

Theorem 7.  a) The series of inverse values of pseudoprimes to base 2 con-
verges.

b) The asymptotic density of the set of all pseudoprimes to base 2 is equal to
0.

The condition b) of theorem above is proven in [4] by another way. Finally we
show an important property of P,(z).

Theorem 8. We have

log x
Proof. Because there exist K > 0 and € > 0, from we have

Py(z)logx < Kz  logz K

x ~ (logz)i*e” (logx)e

Py(z)logz _ 0. (]

= 0 therefore lim,_,., =

. . K
Since hmm_mo W

The Theorem §]gives an important information of P,(z) i.e. the function P (z)
grows more slowly with x — oo than —=—. We see that the analogy with prime

logz”
7 (z) log x

number theorem does not hold. It says that lim,_ .,
the prime-counting function.

Easier problems regarding this issue can be an appropriate topic in aiming the
course N422S1_4B Semestral Project I as a research activity for students attend-
ing the 4'" semester.

= 1, where 7 () is
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Conclusion

We showed that if the counting function A(x) of the set A ie. A(x) = >

1
n<x
n € A has some propreties (see Theorem , then the series ) _, a, ! converges.

This result we applied to the counting function of the set of all pseudoprime num-
bers to base 2.
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Abstract: In previous papers [4,5] the plastic deformation of Cd single crystals has been
investigated and in this way both the thermally activated and macroscopic parameters have
been obtained. The present paper deals with the creep behavior of Cd + 0.44 at. % Zn alloy
single crystals. Contrary to the Cd single crystals discontinuous creep curves have been
observed, which do not occur at 78 K. The low — temperature limit of this effect is 130K
approximately. The characteristics of these discontinuous creep curves are discussed on the
assumption that the Portevin — Le Chatelier effect is acting in the Cd + 0.44 at. % Zn Alloy.

Keywords: metals, deformation, yield point, repeated creep curve, Portevin — Le Chatelier
effect.

INTRODUCTION

When certain materials such as mild steel or duralumin are deformed in tension, it is found
that the stress — strain curve is not smooth, but shows marked irregularities, with negative
slopes occurring at or near the initial yield on the curve. The actual shape of the stress - strain
curve is dependent, to some extent, on the type and characteristics of the tensile testing
machine used; nevertheless one may include all cases where doAle is negative as example of
yield point effects deserving attention [1]. Tensile machines are divided into two types, the so
— called “soft” and “hard” machines. The effects of machine rigidity may be simply illustrated
by reference to Fig la. Here, the tensile specimen shown is imagined to have a Young's
modulus E, while the machine and supporting members have an effective spring constant K.
Thus, under a load L, the extension of the system is L/K + L.I/(S.E) where | is the specimen
length and S its cross section. If the specimen extends by an amount dl the overall extension is
constant; the load measured changes by dL so that

dL(i+L}+L'—dI:O 1)
K S.E S.E
so that
dL dL
o __ 2)
L S'—E+I
K

For certain dl further follows from this relationship that when K — 0 (very soft machine), is

%—>O.
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The spring constant K of the machine may be determined quite simply by a dial gauge using a
heavy specimen or by determining of the shape of the elastic region of the load — time curve,
which, as the above analysis shows, will always be less than the normally accepted modulus
of elasticity

:::jf:ﬁ: Stress
|
T
Q:D Load spring
S
' Specimen
Strain
(a) (b)

Fig.1 (a) Elastic elements of a tensile machine.
(b) Effect of the spring constant K on the stress — strain curve [1].

The elastic parameters of the machine will also affect the magnitude of the yield point drop.
As the effective stiffness of the machine decreases the load relaxation decreases and will
become less abrupt, until, as shown in Fig. 1(b), only a rounded yield is seen. Here the stress
barely falls below the nucleation stress, and the Luders band will be forced through the
specimen at much higher velocities [1].

The yield points observed with hard machines are found to take many different forms of
instability, dependent on material and testing temperature. Fig. 2 shows a series of successive
yield points obtained in mild steel at elevated temperatures, at about 500 K. The multiple
yield points seen here as deformation begins are the result of interrupted motion of the Luders
band along the specimen [2]. The movement of dislocations near the band front becomes
locked — a phenomenon known as strain hardening — and as result the stress has to rise to
release the band from again. The ductility is thereby reduced — a phenomenon known as blue
brittleness — a result of simultaneous straining and ageing.

Fig 3 shows a case of austenitic stainless steel at high temperatures [3]. Here the general stress
level continues to rise as deformation proceeds — and in certain cases the curves are smooth at
the commencement of yield. As the strain increases, serrations build up slowly and reach their
maximum at ultimate tensile strength. This mode, characteristic of duralumin and bronzes,
nickel — hydrogen and even some magnesium — base alloys is properly called the Portevin —
Le Chatelier effect after its discoverers (1923) who first noted it in duralumin.
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(f)
(g)
Strain L 1%

Fig. 2. Stress — strain curves for polycrystalline mild steel at elevated
temperature [2]

The name of the effect is often applied to curves such as Fig. 2 and 3, although, as we shall
see, the mode of locking may differ [1].

The purpose of the present work is to show that similar phenomenon can be observed also in
creep deformation of Cd-Zn single crystal alloys.

1. EXPERIMENTAL PROCEDURE

To measure the characteristics of the transient creep of Cd + 0.44 at. % Zn alloy single
crystals equivalent incrementally loading method (the sample is gradually loaded with
increments in constant time interval 10 minutes) and experimental equipment as for
measurements of pure Cd single crystals have been used [4,5].

The single crystals of that alloy were the same orientation Lo = 49° and y, =45°. The samples
of the cylindrical form (3.9 mm of diameter and about 35 mm of length) were prepared at the
Department of Solid State Physics of the Charles University, Prague.



Load

Aged 2I5h af 700°C

Alloy A: I8/10 [Ti,IC Alloy D: I5/35 ITi, *IC

Aged |00h at 700°C
Aged 300h at 700°C

Aged I00h at
700°C

| As quenched MAS quenched

1% 4

Elongation

Fig. 3. Stress — strain curves for austenitic stainless steels at 770 K [3]

2. MACROSCOPIC CHARACTER OF TRANSIENT CREEP

Contrary to the Cd single crystals a considerable change in creep behavior of Cd + 0.44 at.%
Zn alloy has been observed. The typical creep curve for pure Cd single crystals is illustrated
in Fig.4. The change of he creep curves is shown by a special discontinuous “step like” shape
of the creep curves (Fig. 5). As shown in the figure, an abrupt elongation of the specimen
about the As length always occurs at a constant resolved shear stress value after a certain time
interval At, where the length of he given specimen keeps at a constant value till the further
abrupt elongation..

A similar behavior of these discontinuous flows in creep was observed at 238 K and 202 K.
At temperature 78 K the “step like” curve shape of creep curves however has not appeared at
all. On the basis of this fact we can conclude on the occurrence of the Portevin —Le Chatelier
effect in this alloy. Since this effect occurs as a rule in a certain region of temperatures and
shear stresses only we tried to determine the lower temperature level of this effect for the
alloy mentioned at least approximately. Decreasing continually the temperature (by means of
a petroleum ether bath, cooled by liquid nitrogen), the original “step like” shape of the creep
curves has become continuous at temperature T ~ 130 K and at resolved shear stress 7= 200
p.mm? (Fig. 6)

Then the bath was heated again, until the continuous shape of creep curves changes into “step
like” one. This change occurs at T ~ 230 K. The increase in the “transition” temperature is
probably due to increase of the resolved shear stress to the value 7= 420 p.mm? (Fig. 7).

The “step like” curves can be characterized by the length of the “step” As and the time
between two “steps” At (Fig. 5). At room temperature the length of the “step” is practically
independent of time in one creep segment. The value of As however depends on the resolved
shear stress. Typical examples of time dependence of the As are shown in Fig. 8. It is evident,
that during one creep segment As is approximately constant. Fig.9 shows the stress
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dependence of the average length of “step” As. It is obvious that As has a maximum value
for a certain resolved shear stress ( 7~ 90 p.mm™).

The time interval between two “steps” At during one creep segment increases in dependence
on time, except the region about =~ 90 p.mm™, where the course of the dependence At =
At(t) is not clear (Fig.10).

elongation

l

time
Fig.4. A typical creep curve for pure Cd single crystals ( transient creep,

T =295 K, 7= 776 p.mm™, registered by means of recorder with
zero suppresion [4].

S

S0s
—_—

elongation

0.1mm

time

Fig.5. Discontinuous creep curve for Cd + 0.44 at. % Zn alloy single crystals.
(T =295K, 7= 745 p.mm™ registered by means of recorder with zero
suppression )
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elongation

=145.2°C

0.7mm

‘ =133.9°C

{ A—

50s

time
Fig.6. Transition from the ,,step like™ creep curves to the continuous ones
For the Cd + 0.44 at. % Zn alloy single crystals ( T = 130 K,
r=200 p.mm?, registered by means of recorder with zero suppresion)

elongation
#4331 °C

0.1mm

50s

time

Fig. 7. Transition from the continuous creep curves ton the “step like” ones
for the Cd + 0.44 at % Zn alloy single crystals ( T = 230 K,
r=420 p.mm?, registered by means of recorder with zero suppresion)
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Fig.9. Dependence of the average length of the “step” As on the resolved
shear stress .
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Fig.10. Dependence of the interval between two steps At on time t.

CONCLUSION

From the results of our measurements it follows that a new effect appears which is
characterised by a typical “step like” shape of the creep curves. As shown by measurements,
this effect appears in a certain interval of temperatures and resolved shear stresses. Hence we
conclude on the Portevin — Le Chatelier effect occurring in the alloy.

The Portevin —Le Chatelier effect mostly observed by tensile tests on many interstitial and
substitutional alloys becomes evident so that the stress — strain curve in a certain region of the
resolved shear stress and temperature exhibits a characteristic jerky shape. Cottrell [6]
assumes this effect to be due to an interaction of solute atoms and vacancies with dislocations.
For the case of the creep it has not been investigated up to now, and for Cd — Zn alloys single
crystals has not been investigated neither in tensile tests [7,8].

The average length of the “step” can be caused by the blocking dislocations by great number
of solute atoms (Zn). This number of atoms depends on concentration of vacancies, which is
proportional to the strain € (¢, ~ 10 £ ) and/or to the resolved shear stress. Hence it follows

that with increasing t, As ought to increase too. This effect has been observed up to a certain
value of the resolved shear stress T = 90 p.mm™ only. Besides the increasing number of
vacancies, however, we must also take into account the increase of the dislocation density
with increasing resolved shear stress. At a greater number of dislocations (and at a constant
density of solute atoms), it belongs to one dislocation a smaller number of blocking atoms, the

blocking of dislocations is reduced and therefore As decrease. In consequence of this
decrease the creep curve becomes a continuous shape.
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A formula for the sum of the series of reciprocals
of the polynomial of degree two with different
positive integer roots
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Abstract: This contribution, which is a follow-up to author’s paper [1] and [2]
deals with the series of reciprocals of the quadratic polynomials with different
positive integer roots. We derive the formula for the sum of this series and ver-
ify it by some examples evaluated using the basic programming language of the
computer algebra system Maple 16. This contribution can be an inspiration for
teachers of mathematics whose are teaching the topic Infinite series or as a sub-
ject matter for work with talented students.

Keywords: Sequence of partial sums, telescoping series, harmonic number, com-
puter algebra system Maple.

Introduction and basic notions

Let us recall the basic terms. For any sequence {ay} of numbers the associated
series is defined as the sum

Zak=a1+a2+a3+~-- .

k=1
oo

The sequence of partial sums {s, } associated to a series Z ay 1s defined for each
k=1

n as the sum of the sequence {ay} from a; to a,, i.e.

n
Sp = E A =a1+ag+ -+ ay.
k=1
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o0

The series Z ay converges to a limit s if and only if the sequence of partial sums

k=1
00

{sn} converges to s, i.e. lim s, = s. We say that the series E ay has a sum s
n—oo
k=1

[oe)
and write E ap = S.
k=1

The telescoping series is any series where nearly every term cancels with a
preceding or following term, so its partial sums eventually only have a fixed num-
ber of terms after cancellation. Telescoping series are not very common in math-
ematics but are interesting to study. The method of changing series whose terms
are rational functions into telescoping series is that of transforming the rational
functions by the method of partial fractions.

- 1
For example, the series ; = D(E—2)’ where obviously the summational
. 1 A B
index k # 1,2, has the general kth term a;, = = +

(k—1)(k-2) k-1 k-2
After removing the fractions we get the equation 1 = A(k — 2) + B(k — 1).
For k. = 1 we get A = —1 and for £ = 2 we obtain B = 1, so we have
ap = —1/(k—1)+1/(k—2) = 1/(k —2) — 1/(k — 1). After that we ar-
range the terms of the nth partial sum s,, = a3 +a4+- - -+ a, in a form where can
be seen what is cancelling. Then we find the limit of the sequence of the partial
sums s, in order to find the sum s of the infinite telescoping series as s = lim s,,.

n—oo

In our case we get

(LN, (o Ly, (! Ly,
=172 273 n—3 n-2 n—-2 n-1)" T n-1"

1
So we have s = lim (1 — ) =

n—00 n—1

1 The sum of the series of reciprocals of the quadratic
polynomial with different positive integer roots

Let us consider the series of reciprocals of the normalized quadratic polynomials
of the form k% — (a + b)k + ab = (k — a)(k — b) with two different integer roots

72



0 < a < b, i.e. the series

1
N (1)
; (k —a)(k—0b)
k#a,b
and let us determine its sum s(a, b).

This series can split into three parts — two finite series and the infinite one, so
we have

-1

s)

i 1 > 1
K—a) —b)+ 2. e—a)k—b) 2 TEDICEDE

k=1 k=a+1 k=b+1
(2)

We differentiate four following cases:

1. If a = 1 and b = 2, then both finite parts of the series (2) are not defined

and we have
o

1
L= Gohesy =

k=3

as we derived in the example mentioned in Introduction.

2. If a = 1 and b > 3, then the first finite part of the series (2) is not defined
and we get

b—1

I D

k:2 k= b+1

3. If a > 2 and b = a + 1, then the second finite part of the series (2) is not
defined and we obtain

[y

Q

s(a,a+1) =

1 - 1
1(k;—a)(k—a—l)+k§2(k—a)(k—a—1)'

i

4. If a > 2 and b > a+ 2, then there remain all three parts of the series (2) and
we have

s(a,b) = i—a) —b+z —b+z F—ahi=b)

k= tz+1 k= b+1
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We concentrate on the last form for expressing the sum s(a, b), where a > 2,
b > a + 2, and determine this sum using the equality

(h—J%—h):aib(kia_kib)

The sums s(1, b) and s(a, a+1) corresponding with items 2. and 3. we give further
in Corollary 1
The sum s’ of the first finite part of the series (2) is

, 1 1 1 1 1 1 1
° _a—b[<1—a_1—b)+<2—a_2——b)+(3—a_m)+.”
1 1 1 1 1 1 B
.+(—_S_a—b—B)+(—_2_a—b—2)+(—_1_a—b—1)1 B
1 1 1 1 1 1 1
—a—b{_(1+§+§+”'+a—3+a—2+a—1)+
1 1 1 1 1 1
+(b—a+1+b—a+2+b—a+3+'”+b—3+b—2+b—1)]:
1 _ Hy o+ Hs1— Hp

T b—a [Hamr = (Hp1 = Hy-a)] = b—a ’

1 1 1
where H, = 1+ 3 + 3 + - -+ — is the nth harmonic number, H, being defined
n

as 0. First ten values of the harmonic numbers are stated in the following table:

n || 1] 2 4 5 6 7 8 9 10
ol 3| 11|25 | 137 | 49 | 363 | 761 | 7129 | 7381
" 2 12 ] 60 | 20 | 140 | 280 | 2520 | 2520

Table 1: First ten values of the harmonic numbers

Basic information about harmonic numbers can be found e.g. in the web-site [3]
or in [4], interesting information are included e.g. in the paper [5].
Now, let us determine the sum s” of the second finite part of the series (2). We
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, 1 1 1 1 1 1 1
° _a—b{(I_a—b+1)+(§_a—b+2)+(g_a—b+3>+”'
1 1 1 1 1 1\]
'+(m_—_3)+(1)—cz——2_—_2)+(b—a——1_—_1)}_

1 /1 1 1 1 1 1
_a—b[(1+§+§+“.+b—a—3+b—a—2+b—a—1)+

1 1 1 1 1 1 2H, 01
"‘ _+_+_+"‘+ + + :ﬁ

1 2 3 b—a—-—3 b—a—2 b—a-1

Finally, let us express the nth partial sum s,, of the infinite part of the series (2).
We have

1 1 1 1 1 1 1
S”_a—be—aH_I)+(b—a+2_§>+<b—a+3_§>+'”
1 1 1 1 1 1
* <n—a—2_n—b—2> * (n—a—l _n—b—1> * (n—a_n—bﬂ'

1 1
It is evident that the 1st summand in the 1st parenthesis (ﬁ — I) can-
—a

1
—2a+2+1

cels with the 2nd summand in the (b — a + 1)st parenthesis

1
—a+b+1

1 1
) . Further, the 1st summand in the 2nd parenthesis (— — 5)
cancels with the 2nd summand in the (b — a + 2)nd parenthesis (

b—a+2
1

—2a+2b+2

1
—— |, and so forth, up to the 1st summand in the (b — a)th parenthesis
—a+b+2
1 1
— cancels with the 2nd summand in the (2b — 2a)th parenthesis
2b—-2a b—a
1 1 1 1
- . In the (b— 1)st thesi -
(3b—3a 2b—2a) nthe (b—a-+1)st parenthess (2b—2a+1 b—a—|—1)

and in the several following parentheses cancel both summands, so in the begin-
ning of the expression of the nth partial sum s,, remains after cancelling the sum
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Analogously, in the ending of the nth partial sum s, the 2nd summand in

1 1
the (n — b)th parenthesis ( — b cancels with the 1st summand in
n—a n-—
1

1
the (n + a — 2b)th parenthesis (n 5  nta_ Qb>' Further, the 2nd sum-

1 1
n—a—1 n—>b—1

mand in the (n — b — 1)st parenthesis ( ) cancels with

1 1
the 1st summand in the (n — a — 1)st parenthesis ( — ), and so

n—1 n—a-—1

forth, up to the 2nd summand in the (n — 2b + a + 1)st parenthesis <T —
n p—

1
cancels with the 1st summand in the (n — 3b+ 2a + 1)st paren-
n—2b+a+1
1 1
thesi — .Inth —2b th thesi
esis <n—2b+a+1 n—3b+2a+1> n the (n + a)th parenthesis

1 1
( Ty A T a) and in the several preceding parentheses cancel both sum-

mands, so in the ending of the expression of the nth partial sum s,, remains after
cancelling the sum

NI S S
n—b+1 n—>b+2 n—a—1 n—a’

The sum of the infinite part of the series (2) is s =

= 1 lim <_1_1_..._ 1 + 1 4+ 4 1 + 1 ):
a—bnooo 1 2 b—a n-—->b+1 n—a—1 n-—a
_ 1 <1+1+---+ L, ):Hb‘“.

b—a 2 b—a—1 b—a b—a

Altogether, for a > 2, b > a + 2 we get the sum s(a, b) of the series (1) in the
form

Hy_,+H, 1— H,_ 2Hy, _,— H,_,
S(a,b):3’+s"+s’”: b + 1 b—1 + b 1 + b :
b—a a—>b b—a

so we derived this statement:
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- 1
Theorem 1 The series ; m,
ka,b
positive integers, has the sum

where a > 2 and b > a + 2 are

1
s(a,b) = g (Hym1 — Hy1 +2Hy—q —2Hy 1), (3)

where H,, is the nth harmonic number.

Corollary 1 From Theorem 1 and from the reasoning above it follows:

1. For the sum s(a, b) above it obviously holds: s(a,b) = s(b,a).

1
2. For b > 3itholds: s(1,b) = E(Hb,l — 2H, 5).

3. Fora > 2itholds: s(a,a+1) = H, 1—H,+2, whence lim s(a,a+1) = 2.

a—00

4. Fora =1,b=2itholds: s(1,2) = H, = 1.

Remark 1 Let us note, that the formula (3) includes also the three above special
cases. We can so state that for arbitrary two different positive integer roots a < b
= 1
of the normalized quadratic polynomial (k—a)(k—Db) the series _
f ized g poly (k—a)(k—b) i ;(k_a)(k_b)
k#a,b
has the sum

1

8(&, b) = m

(Ha—l - Hb—l + 2Hb—a - 2Hb—a—1) .

Example 1 Using i) nth partial sum, ii) formula (3) calculate the sum of the
series

i 1
(k= 3)(k —38)
) The series i : where a = 3, b = 8, has, using the equali
k:1<k_3)(k_8>, ST e 8 quaiity
1 o 1 L e i partial sum (where k 4 3.8
k—a)k—b) a—b\k—a k—0b) e nth partial sum (where 8,
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ie.k=1,2,4,56,7,9,10,11,....n —2,n—1,n)

Sy, = ( L + L ) + ( L + L + L + L > +
" \(=2)(=7)  (=1)(-6) 1(—4)  2(=3) 3(-2) 4(-1)
1 1 1 1 1
* (6-1+7-2+8-3+”'+ n—5)(n—10)  (n=Dn—-9)

B 1 1 1 1 1 1 1 1 1 1 1
—(ﬁ*é)+(—z—a—é—z)+m[(a—1)+(%—§)*
1 1 1 1 1 1 1 1
+(§—§)+(§—1)+(m—3)+(ﬁ—5)+“‘
1 1 1 1 1 1
'+(n—s_n—13>+(n—7_n—12)+<n—6_n—11)+
1 1 1 1 1 1
+<n—5_n—10)+(n—4_n—9)+(n—3_n—8)} B

9 5 1 1 1 1 1 1 1 1 1

—ﬁ‘é‘5(‘1‘5‘5—1‘5+n_7+n_6+n_5+
1 1

+n—4+n—3)

Because for arbitrary integer c is lim = 0, we have

n—oo N + C
: 5 5 1(1 1 1 1 1
8(3,8):7}1_{10108”:5—64—5(14‘54—54‘14‘5) =
5 5 1 137 97
T2 65 60 700
ii) By the formula (3) from Theorem 1, using values of the harmonic numbers from
the table 1, we get the sum s(3,8) more easily:

1

0.13857142.

5(3,8) = 3 3 (H3_1 — Hg 1 +2Hg 3 —2Hg 3 1) =
1 1 /3 363 137 25
= 2 (Hy— Hy+2Hs —2Hy) = - (2 =22 4 9.720 _9.22) _
5 (2 = Hr +2H; 2 5(2 120 760 12)
1 /3 363 137 25 97 B
=—-({-——+——— ) =—— =0.13857142.
5 (2 120 T30 6 > 700
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Example 2 Using i) nth partial sum, ii) formula (3), and iii) formula for the sum
s(a,a + 1) from Corollary 1 calculate the sum of the series

[e.e]

1
(k—3)(k—4)"

k=1

> 1
i) The series Z , where a = 3, b = 4, has, using the equality
— (k—3)(k—4)

k—a k-0

,n—1,n):

B 1 1 1 1 1

o= ((—2)(—3)*(—1><—2>)*(2-1+3-2+4-3+
1

- - : - : >—
(n—5)(n—-6 (n—4)n-5  nm-3)(n—-4))

U AU FEUE AU AN A A A
S \6 2 3—4|\2 1 3 2 4 3
1

1 1 1
< — ), the following nth partial sum (where
2

Because for arbitrary integer c is lim
n—oo N + C

= 0, we have

3 _
s(3,4) = lim s, = 3 —0=1.6.

n—oo

ii) By the formula (3) from Theorem 1, using values of the harmonic numbers from
the table 1, we get the sum s(3,4) more easily:

1
8(3, 4) = m <H3_1 - H4_1 +2H4_3 - 2H4_3_1> = H2 - H3 +2H1 - 2H0 =
3 11 5 _
— L 421-20=2=18
2 6 3
The identical result we get by formula s(a,a + 1) = H, 1 — H, + 2. Fora = 3
we have s 11 5
3,4) = Hy — H. 2=—-——"—4+2=-=1.6.
sGA)=Hy—Hy+2=5— = +2=7
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2 Numerical verification

In this paper we solve the problem to determine the values of the sum s(a,b) =

- 1
kz—; (k—a)(k—1b) fora=1,2,...,9andb=a+1,a+2,...,10. We use on the
ka,b t 1
one hand an approximative evaluation of the sum s(a, b, t) = —_—,
kgb (k—a)(k—0)

where ¢t = 10%, using the basic programming language of the computer algebra
system Maple 16, and on the other hand the formula (3) for evaluation the sum
s(a,b). We compare 45 = 9 4+ 8 + --- + 1 pairs of these ways obtained sums
s(a,b,10%) and s(a, b) to verify the formula (3). We use following simple proce-
dures hn, rp2abpos and two for statements:

hn:=proc (h)
local i,s; s:=0;
if h=0 then s:=0 else
for i from 1 to h do
s:=s+1/1i;
end do;
end 1if;
end proc:

rp2abpos:=proc{a,b,n)
local k, sab, sabt; sabt:=0;
sab:=(hn(a-1)-hn(b-1)+2*hn (b—-a)-2*hn (b—-a-1))/ (b-a);
print ("n=",n,"s(",a,b,")=",evalf[20] (sab));
for k from 1 to n do
if k<>a then
if k=<>b then sabt:=sabt+l/((k-a)* (k-b))
else sabt:=sabt+0; end if; end if;
end do;
print ("sum(",a,b,")=",evalf[20] (sabt));
print ("diff=",evalf[20] (abs (sabt-sab)));
end proc:

for i from 1 to 9 do
for j from i+l to 10 do
rp2abpos (i, 3,100000000) ;
end do;
end do;
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The approximative values of the sums s(a, b) rounded to 4 decimals obtained
by these procedures are written into the following table:

|s(@b)| b=2 | b=3 | b=4 | b=5 | b=6 |
a=1 1.0000 | —0.2500 | —0.3889 | —0.3958 | —0.3767
a=2 X 1.5000 | 0.0833 | —0.1389 | —0.1958
a=3 X X 1.6667 | 0.2083 | —0.0389
a=414 X X X 1.7500 0.2750
a=2>5 X X X X 1.8000

[ stad) | b= b= b= b=10 < |
a=1 ] —0.3528 [ —0.3296 | —0.3085 | —0.2896 |  x
a=2 | —0.2100 | —0.2099 | —0.2046 | —0.1974 X
a=3 || —0.1125 | —0.1386 | —0.1474 | —0.1490 X
a=14 0.0167 | —0.0649 | —0.0969 | —0.1104 X
a=2>5 0.3167 0.0524 | —0.0336 | —0.0691 X
a=26 1.8333 | 0.3452 | 0.0774 | —0.0114 X
a="7 X 1.8571 0.3661 0.0959 X
a=38 X X 1.8750 | 0.3819 X
a=9 X X X 1.8889 X

Table 2: The approximate values of the sums s(a, b) fora =1,2,...,9,

b=a+1,a+2,...,10.

Computation of 45 couples of the sums s(a, b, 10%) and s(a, b) took over 4 hours.
The absolute errors, i.e. the differences ’s(a, b) — s(a,b, 10%)|, are about 1075,

3 Conclusion

As regards the problem to state the sum of the series of reciprocals of the polyno-
mial of degree two, the author found only a mention on the web site [6] regarding
1

———, where k be a positive integer. It is stated that
n(n+ k)

e.9]
the sum of the series Z
n=1 I
the sum of this series is equal to the fraction ?k, where Hj, is the kth harmonic

number.
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Another mention about sum of the special series of reciprocals of the polyno-
(e e}

mial of degree two concerns the sum of the series Z ———» Where a is arbitrary
n

+a?’
n=1
non-zero real number. It is deduced that the sum of this series equals to the fraction
ma coth(mwa) — 1
2a? )
So we can say that these paper dealing with the sum of the series of reciprocals
of the quadratic polynomials with different positive integer roots a and b, i.e. with

the series

o0

1
2 ol h
k#a,b

where 0 < a < b are integers, brings new results which are not yet discuss in the
literature.

We derived that the sum s(a, b) of this series is given by the following formula
using the nth harmonic numbers H,,

1
S(CL, b) = m (Ha,1 - Hbfl + 2Hb7a - 2Hbfa71) .

We verified this result by computing 45 various sums by using the computer alge-
bra system Maple 16.

We stated four basic properties of the sum s(a, b):

1

1. s(a,b) = s(b,a), 2.5(1,0) = ﬁ(Hb,l —2H, 5) for b > 3,
3.s(a,a+1)=H, 1 — H,+ 2 for a > 2, whence lim s(a,a+1) =2,

4.5(1,2) = H, = 1.
The series of reciprocals of the quadratic polynomials with different positive

integer roots so belong to special types of infinite series, such as geometric and
telescoping ones, which sums are given analytically by means of a simple formula.
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Abstract: The paper is concerned with a weakly delayed difference system
z(k+1) = Az(k) + Bx(k — 1)

wherek = 0,1,... andA = (a;;);,_,, B = (by)},;—, are constant matrices. It
is demonstrated that the initial delayed system can be transformed into a linear
system without delay and, moreover, that all the eigenvalues of the matrix of the
linear terms of this system can be obtained as the union of all the eigenvalues of
matricesA and B.

In such a case, the new linear system without delay can be solved easily, e.g., by
utilizing the well-known Putzer algorithm with one of the possible cases being

considered in the paper.

Keywords: Discrete system, weak delay, initial problem, Putzer algorithm.

Introduction

The theory of weakly delayed systems is considered, for planar discrete systems,
in the papers [1] - [3]. In this paper, we investigate a system of difference equati-
ons

x(k+1)=Ax(k)+ Bx(k—-1), k=0,1,... (1)



where A and B are 3 by 3 constant matrices with elemenig andb;;, 7,7 =
1,2,3.

It is known that, for every matrixl, there exists a nonsingular mat$xtransfor-
ming it into the corresponding Jordan fouri. This means that

A*=8571AS
where A* can have one of the following seven possible forms (denoted below as
A1, ..., A7), depending on the roots of the characteristic equation
det (A — \I) =0, (2)

where! (throughout the paper) is a 3 by 3 unit matrix.
If (B) has three real distinct roots, A2, A3, then

AN 0 0
Ar=10 X 0], (3)
0 0 X

if () has one double real roog, A\; = A3, then

A 000
Ay={0 X 0 (4)
0 0 X
or
A0 0
A= 0 X 1], (5)
0 0 X
in the case of one triple real roat= ), - 5, the following forms are possible
A 00
Ay=110 X 0], (6)
0 0 A

A1 0
0 X 0], (7)
00 A\

85



Aa( ) (8)
00 A

and, finally, if one root is real and two roots are complex conjugatei.e.=

p + iq, with ¢ # 0, then
A0
0 —q

We assume thaf(1) is a weakly delayed system in the sense of the following
definition.

N R O

Definition 1 Systen()) is called weakly delayed if the characteristic equations
for (1]) and for the system without delay

z(k+1) = Azx(k)
have identical roots, that is, if, for evetye C \ {0},

det (A+A"'B—X) =det (A— X).

Applying Definition[] to systenq {1), we get conditions under which the system is
weakly delayed. Such conditions are given in the next part.

One way of solving systeni|(1) is transforming (1) into a system without delay.
Then, [1) can be written as

y(k+1) = Aiy(k) (10)

where

where® is zero matrix and

To solve [(10) by Putzer algorithm, we need all eigenvalues of matyices =
1,....7.
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1 Relationship between the eigenvalues of;, B, and
A,

The main purpose of this paper is to show that the set of all eigenvalues of mat-
ricesA;,i = 1,...,7 can be written as the union of the sets of all eigenvalues of
matricesA; and relevant matrixs.

In other words we prove the folloving theorem.

Theorem 1 (Main result) Let systen(l]) be weakly delayed and let {1,...,7}
be fixed. Then the set of all the eigenvalugg = 1, . . ., 6 of the matrixA; equals
to the union of the sets of all the eigenvalugsj = 1, 2, 3 of the matrix4, and
all the eigenvalues;, j = 4,5, 6 of the matrixB.

The property mentioned by Theor¢in 1 is not obvious and does not hold for arbit-
rary matricesA and B as shown by the following example.

Example 1 Let

Then
100 1 2 =2
020 -10 2
003 -2 2 1
A_100000
010 0 0 O
001 0 0 O

It is easy to verify that the eigenvaluesAfire
A =1, =2,)3 =3,
and the eigenvalues df are
M=1, =3X=—2.
The eigenvalues od (calculated by WolframAlpha software) are

(11 = 3.57695,
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115 = 1.61803,
115 = 1.14869 + 0.7739514,
f1g = 1.14869 — 0.7739514,
15 = —0.874334,
116 = —0.618034.

The eigenvalues; # p;,4,j =1,...,6.

1.1 Proof of Theorem 1 ifi = 1

The following theorem is proved in|[5], Theorem 3.

Theorem 2 Systen(l)) is a weakly delayed system if and only if

b1 = bay = b33 =0,

b12023b31 + b13b21b32 = 0,

b12b21 + b13b31 + bagbza = 0,
A3b12b21 + A2b13bs1 + Arbasbsa = 0.

Now we prove that Theorefr) 1 holdsiif= 1.

(11)
(12)
(13)
(14)

Lemma 1 Let a matrix A be of type(3) and let the entries of a matri® sa-
tisfy (17)(14). Then, the eigenvalugs,i = 1,. .., 6 of the matrix

pr 0 0] 0 bio big
0 w2 0 |byy 0 by
A = 0 0 3z |by bz O _ <
1 0 00 0 O
O 1 o0o|0 O O
O 0 1]0 0 O

are (i = Ai, flg = Ao, ft3 = A3, py = s = fig = 0.

Proof. Computingdet(.4; — ul), we get
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AM—p 0 0 birn b1z b3
0 Ao — [ 0 ba1  baa Do

Ai=det(hi—pn)=| | et b e
0 1 0 0 —pu 0
0 0 1 0 0 —u

Multiplying the first (the second, the third) column hyand adding it to the fourth
(the fifth, the sixth) column we get:

Al —p 0 0 (A — p) + by bia bis
0 Ao — fu 0 ba1 P A2 — ) + oo bas
A — 0 0 A3 — [ b3 b32 p(Ag — ) + bss
! 1 0 0 0 0 0 '
0 1 0 0 0 0
0 0 1 0 0 0

By Laplace decomposition with respect to the sixth row, we have:

Al —p 0 (A — p) + b1y bi2 b3
0 Ao — [ ba1 p(Ag — ) + oo b3
Ay=—] 0 0 b31 b3a (A3 — ) + bss| .
1 0 0 0 0
0 1 0 0 0

Again, by Laplace decomposition with respect to the last row, we derive:

A= p(A—p) 4+ by bi2 bis
A, — 0 ba1 (A2 — ) + bao b3 ‘
! 0 b31 b3o p(As — 1) + bss
1 0 0 0

Finally, by Laplace decomposition with respect to the last row, we obtain:

(A — p) + 11 b2 b1z
Ay =— bay (Ao — 1) + boo bas
b31 b2 p(As — ) + bss

Now, direct computation leads to:

Ay =18+ (=X = A = Aa)p® + (M dg 4+ Mds + Aodg — by — bag — bss)
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4 ((byy + bag)Ag + (b1 + bsz)Ag + (bag + bsg) A — A dads)p®

+ (—basbsa + basbss — D11 Ao Ag — bigbsy — bss A1 Ag — biabar — baa A1 A3
+ b11bag + b11bss)p?

+ (basbsa A1 — b11bss Ay — bi1boo A3 + bi3bsi Ao — baabsg Ay + biabai A3 ) p

— b11b22b33 — D12b23b31 — D13b21032 + D12b21033 + D13b22b31 + b11b230s32.

Since [11)4(14) hold, further simplification &f; gives:

Al = /LG + (—)\1 — )\2 — /\3)#5 + ()\1)\2 + )\1)\3 + >\2)\3)u4 + (-)\1)\2>\5),U3
= 13 (= M) (1= Ao) (e = X3).-

Now it is easy to see that the roots of the equatiet.A; — /) = 0 are as
formulated in the lemma.

Example 2 Let

1 00 01 =2
A=(0 2 0],B=[20 2
0 0 3 21 0
Then

1 00 0 1 =2

02020 2

00321 0

A_100000

01 000 O

0O 01 0O0 O

It is easy to verify that the eigenvaluesAtre
A =1, =23 =3,
with the eigenvalues d® being
A =X5 =X =0.
The eigenvalues od (calculated by WolframAlpha software) are
pr=1,p00 =2, i3 =3, g = p5 = pg = 0.

Eigenvalues\;,i = 1,...,6 are the same as eigenvalues j = 1, ..., 6.
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1.2 Proof of Theorem1 ifi = 2

The following theorem is proved in[[5], Theorem 4.

Theorem 3 Systen{l)) is a weakly delayed system if and only if

bll = 07

bao + b3z = 0,

bi12ba1 + bizbs; = 0,
baobss — bazbsa = 0,

b12b23b31 + b13b21b32 - b13b22b31 - b12b21b33 = 0.

Now we prove that Theorefr) 1 holdsiif= 2.

(15)
(16)
(17)
(18)
(19)

Lemma 2 Let a matrix A, be of type(d) and let the entries of a matri® sa-

tisfy (I5}(19). Then, the eigenvalugs,i = 1,.

Ay =

bll
b21
bs1

b12
b22

bs2

corlook
o~ olofF o

are ji; = Ay, g = i3 = Ao, fg = fi5 = jig = 0.

— o of oo

0
0
0

Proof. Computingdet (A, — 1), we get

Ay =det(Ay — pl) =

)\1—,u 0
0
0 0
1 0
0 1
0 0
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AL — 0 0 (A — p) + b bio bi3
0 Ay — [ 0 ba1 (A2 — ) + bao b3
_ | 0 0 Ao — b31 b3o (Ao — p) + bss
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(A — @) + b bio bis
=== ba1 (Ao — p) + bao bas
b3y b3o (Mg — ) + bss

= MG + (A1 — 2>\2)M5 + (2M1 A2 + )\g —b1p — b2 — b33)u4

+ (= A1A3 + 2611 A + Do Ap + baoAa + bz Ay + bagdo) i

+ (b1 A3 — bssAiAa — b3z A Ao + biibas + bi1bss — biabar — bigbsi + basbss

- 523532)H2

+ (=b11bagAa — bi1bsgAg + biabai Ao + bi3bgi Ay — basbss Ay + basbsa i) i

— b11022b33 + b11b23b3a + 12021033 — b12ba3bs1 — b13ba1b3n + b13ba2bay
=4+ (=M = 20)1” + (20 A0 + At 4 (=M A
=1 (= M) (= Xo)?

and the roots of the equatieket(.A; — /) = 0 are as formulated in the lemma.

1.3 Proof of Theorem1 ifi = 3

The following theorem is proved in[[5], Theorem 5.

Theorem 4 Systen{l)) is a weakly delayed system if and only if

b1 =0, (20)

baz + b3z = 0, (21)

bsa = 0, (22)

baabsz — bi2ba1 — b13bs; =0, (23)

(A1 — A2)baabss + biobsy = 0, (24)
b12b23b31 — b13ba2b31 — b12ba1bsz = 0. (25)
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Now we prove that Theorefr} 1 holdsiif= 3.

Lemma 3 Let a matrix A3 be of type(5) and let the entries of a matri® sa-
tisfy (20)(25). Then, the eigenvalugs,i = 1,. .., 6 of the matrix

pr 0 0 |bin bz bz
0 pe 1 |by by bo3
s = 0 0 pu3|b3r bz b33 _ Az | B
P71 0 o]0 0 o Ie
O 1 0|0 0 O
O 0 10 0 O
are i = A1, g = p3 = Az, fta = fi5 = i = 0.
Proof. Computingdet (A3 — /), we get
Al — 0 0 bin bz bz
0 Ao — [ 1 ba1  baa Do
_ _ 0 0 Ay —p b3 b3a bag
Az =det(As — pl) = ] 0 0 “h0 0
0 1 0 0O —u O
0 0 1 0 0 —u
AL — 0 0 (A — ) + b1y b12 bis
0 Ao — 1 b2y (A2 — ) 4 bao i+ bas
10 0 Ao — [ b3 b3o p(Ae — ) + bss
o 1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(A — p) + b1y bia bis
— .. = — b21 /.L()\Q_ﬂ)+b22 M+b23
b3y b3o (Ao — ) + bss

= 1+ (=1 = 20)p1® + (—bag — bsg + 2M Ao + A3 — by )t
+ (baabss — b1abay + A1bsa — baa A1 Ao + by1bsg — bzg A Ag — 511)\3 + b11ba2

93




— bagbza — b13b31)ﬂ2
+ (bagbsa A1 + b13bs1 Ag + bi2bar g + bi1bga — basbsz At — b11bsgAe — bi1bag Ao
- 531512)M
+ b11bagbsa — b13b21b32 — b12bazbsi + bi3baobzy — b11bagbss + biababss
= 184 (= = 220) 1% + (20 A + M)t + (M AD)p?
= 13— M) (= Ae)?,

i.e. the lemma holds.

1.4 Proof of Theorem 1 ifi = 4

The following theorem is proved in[[5], Theorem 6.

Theorem 5 Systen{d)) is a weakly delayed system if and only if

bi1 + baa + b3s =0, (26)
b11b2a + b11bs3 + baobss — biabay — bi3bsy — basbsa =0, (27)
b11b22b33 + D12basbs1 + b13ba1bsa — b13basbsy — b12ba1bss — by1bagbse = 0. (28)

Now we prove that Theorefr) 1 holdsiif= 4.

Lemma 4 Let a matrix A, be of type(6) and let the entries of a matri® sa-
tisfy (26)(28). Then, the eigenvalugs,i = 1,. .., 6 of the matrix

w00 bii bz big
0 w2 0 [bay by bos
A, = 0 0 jpu3|b3 bz b33 _ < Ay | B )
1 0 00 O O JARNG;
O 1 0|0 O O
O 0 10 0 O

are py = pip = pg = A, g = 15 = pg = 0.

Proof. Similarly as above, we get
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A—p 0 0 bu bip bis
0 A—p 0 ba1  baa Do
Ay=det(Ag—pn)=| | A b
0 1 0 0 —u 0
0 0 10 0 —u
A—p 0 0 (A — 1) + b1y b2 bi3
0 A — M 0 bgl ,LL()\ — ,U) + b22 b23
| 0 0 A—up b31 b3o (A — p) + b33
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(A = p) + by bio bi3
= = - ba1 PN — ) + oo bas
bs1 b3a (A = 1) + bss

= 1% — 3N 4 (BA% — by — bog — bsg)p* 4 (= A3 + 2b1 A 4 2099\ + 2b33\) i
+ (=b11A? — boaA? — b3zA® + biibas + bribsg — biabay — bizbst + baobss
- b23b32)lt2
+ (=b11b2a A — b11bsgA + b1oba1 A + b13bsi A — baobss A + basbao A )
— 11022033 + b11023032 + b12b21b33 — b12b23bs1 — b13b21032 + b13ba2bsy
= 1+ (=30 + (BNt + (=)
= 1 (= A)*.

1.5 Proof of Theorem 1 ifi = 5

The following theorem is proved in|[5], Theorem 7.

Theorem 6 Systen(l)) is a weakly delayed system if and only if

b1 + bay + b33 = 0, (29)
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b11b2g 4 b11b33 + bagbss — b

b11b22b33 - b13b22b31 - b11b23b32 = 0.

Now we prove that Theorefr) 1 holdsii= 5.

by1 =0, (30)

basbs1 = 0, (31)

13031 — basbsz = 0, (32)
(33)

Lemma5 Let a matrix A5 be of type(7) and let the entries of a matri® sa-

tisfy (29)(33). Then, the eigenvalugs,i = 1,. .., 6 of the matrix
pr 10 | b bia bis
0 w2 0 [by by bo3
A — 0 0 jpu3|b3r bz b3 o As | B
11 0 olo o o | \1I]e
O 1 0|0 0 O
O 0 10 0 O
are iy = g = p3 = A, pta = pi5 = pg = 0.
Proof. Obviously
A—p 1 0 bu bip bi3
O A—=p 0 b Doy Dbog
_ _ _ 0 0 A—p b3 b3 bsg
A5 = det(A5 LLI) = 1 0 0 — 0 0
0 1 0 0 —u O
0 0 1 0 0 —u
A — v’ 1 0 /J()\ — M) + bn n+ b12 b13
0 A—p 0 ba1 p(A — 1) + bao bas
. 0 0 A — 1% b31 b32 ,U()\ - [1/) + b33
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(A = p) + b1y o+ bio bi3
= = - b1 (A — 1) + bao b3
b3y b3a PN — ) + bss
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= IMG — 3)\,&5 + (3)\2 — bll — b22 — b33)u4
+ (—)\3 + 2[)11)\ + 2[)33)\ + 2b33)\ - bgl)ug
+ (—bn)\z — bogA? — b3z A® + by1boy + bi1bsz — biabay — bizbsy + bag A + baobss

- 523532)M2
+ (—b11boa A — by1bsgA + biabor A + bi3bsi A — baobsg A + basbsa A + ba1bss

- 523531)M
- b11b22b33 + b11b23b32 + b12b21b33 - b12b23b31 - b13b21632 + b13b22b31
= 1%+ (=30 " + BNt + (=X’
= (= N)°.

1.6 Proof of Theorem1 ifi = 6

The following theorem is proved in|[5], Theorem 8.

Theorem 7 Systen{l)) is a weakly delayed system if and only if

b11 + baa + b3z = 0, (34)

ba1 + b3a = 0, (35)

bs; =0, (36)

ba1b33 + b11b32 = 0, (37)

b11b2g + b11b33 + bagbzs — b12bay — bagbza = 0, (38)
b11022b33 + b13D21b32 — b12b21b33 — b11b23b3a = 0. (39)

Now we prove that Theorefr) 1 holdsiif= 6.

Lemma 6 Let a matrix A¢ be of type(8) and let the entries of a matri® sa-
tisfy (34)(39). Then, the eigenvalugs,i = 1,. .., 6 of the matrix

pr 10 [bin big by
0 pe 1 ba1  baa b3

Ag = 0 0 p3|bsi bsy b33 _ ( Ag | B )
1 0 00 0O O JARNG;
O 1 0|0 O O
O 0o 1|0 0 O

are iy = iy = pz = A, g = pis = pig = 0.

97



Proof. Computingdet(As — 1), we get

A= 1 0 bii bz bz
0 A= 1 ba1  baa Do
Do =detldg—pl)=| | gttt
0 1 0 0O —u O
0 0 1 0 0 —u
A — v’ 1 0 /L()\ — M) + b11 n+ 1)12 b13
0 A — 12 1 bgl ,u(/\ — ,U,) + b22 1% + b23
[0 0 A—p b3y b3a (A — ) + b33
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(A = p) + b1y e+ bio bi3
= = — bai (A — 1) + bao 1+ bog
b3 b3a p(A — 1) + bss

= u® — 3Au® 4+ (3X% — b1y — by — by’
+ (=A% + 2011\ + 2bag X + 2b33\ — by — o)
+ (=b11A® = bsg A — b33A® + bi1boo + biibsg — biobar — bigbst + bat A + basbss
— bagbs + bso A — bgy)pi”
+ (=b11ba20 A — b11b3g A + b12bar A + b13bsi A — bagbss A + bagbsa A + bi1bsy
— biabsy + ba1bsg — bozbs)p
— b11ba2b33 + b11ba3b3a + b12ba1bsg — b12bazbsi — bi3ba1bza + bi3bazba
= p® 4+ (=30 p” + BNt + (=X’
= 1= A)?

and the lemma is valid.

1.7 Proof of Theorem1ifi =7

The following theorem is proved in[[5], Theorem 9.
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Theorem 8 Systen{l)) is a weakly delayed system if and only if

b22b33 - b12b21 - b13b31 - b23b32 = 07
<)\ - p) (612621 + b13631) + Q(b12631 - b13621) = 07
612b23631 + b13b21b32 - b13b22b31 - b12b21633 = 0.

Now we prove that Theorefr) 1 holdsiif= 7.

bi1 =0, (40)

bas 4+ b33 = 0, (42)
bas — bg2 = 0, (42)
(43)

(44)

(45)

Lemma 7 Let a matrix A; be of type(d) and let the entries of a matri® sa-
tisfy (40)45). Then, the eigenvalugs,i = 1,. .., 6 of the matrix

pr 10 [bin bip by
0 w2 O ba1  baa  bas
A = 0 0 jp3|bs bz bss _ < A7 | B )
1 0 00 O O JARNG;
O 1 0|0 O O
O 0 1|0 0 O

where is an identity matrix and is zero
M3 =p — qi, g = pis = jig = 0.

Proof. Computingdet(.4; — 1), we get

A— H 0 0 bii bz bz
O p—pu g by by by
Do =det(dy —pr) = | |0 Pt b
0 1 0 0 —u 0
0 0 1 0 0 —u
A — M 0 0 [L()\ — M) + b11 blg blg
0 p—p ¢ b1 p(p — ) + baa pq + bag
| 0 —q p—p bs1 —pg +bsa p(p — ) + bss
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
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(A — ) + b1y bi2 bi3
=== bay p(p — 1) + bao g ~+ ba3
b31 — g + bo pw(p — ) + bss

=1+ (=X =2p)° + 2Ap+ p° + ¢* — biy — by — bsg)
+ (=AP* = Aq® + 2b11p + boo\ + baop + ba3q — bsaq + bz + byzp)
+ (=b1p® = b11G® — baaAp — basAq + bsaAq — bz Ap + by1bas + biibss — biobay
— bisbs1 + basbss — bazbso)p”
+ (—b11b22p — b11b23q + b11b32q — b11b33p + b12borp — biobsiq + bizbaig
+ b13b31p — baobsg A + bagbsa A
— b11022b33 + b11b23b3a + b12b21033 — b12ba3bs1 — b13ba1b3y + b13baobay
=1+ (A = 2p)p” + (200 + p* + )t + (Ap* = A
= 1P (n =N = 2up +p* + ¢%) = 1 (0 = N (1 — (p + ai)) (n — (p — q0))-
Now it is easy to see that the roots of the equatien(.4; — /) = 0 are as
formulated in the lemma.

2 Utilization of Putzer Algorithm

To compute the power®* k > 0 of an s by s matrix D, we recall a Putzer
algorithm (see, e.g/, [4], p. 118). It calculates the powers using the formula

Dk:iuj(k)M(j—l), k>0 (46)
where
M(0) =1, (47)
M(1) = (D — 1) M(0), (48)
M(2) = (D — n])M(1), (49)
M(s —1) = (D —vs_1)M(s—2) (50)
and
ui (k) =vh, k>0, (51)
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up(k) =Y VA (i), k>0, (52)
=0
_ i i
= v s (i), k>0, (53)
vi,1=1,...,s are eigenvalues @p.

2.1 Powers of the matrix.A;

To compute the powerslt, k > 0, we use formulag (46)=(53) and Lemina 1.
Then,k = 6 and

where

M(0) =1,

M(1) = (Ar — )M (0) = (A le) ( M),

M(2) = (A1 — p2 D) M(1) = (A1 — M) (A )

M@3) = (A1 — pa )M (2) = (A1 — A1) (A )(¢41 M),

M(4) = (A1 — pal)M(3) = A1 M(3 ) = Al(Al s1) (A1 — A1) (A1 — M),
M(5) = (Ay — us )M (4) = ATM(3) = AT (A1 — Aslj(/41'— Aol)(Ar — M)
and

k—1
up(k) =) b~ "y ( Z)\k“/\ k>0
- k-1 i—1
Zuk I=ip (i Z)\lgflf’i Z)\z;lijl', k>0,
i=0 j=0

Zu’“ iy i) = io’f“ugu) — gk~ 1)
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k—2 i—1
— Z Ah—2-i Z AN k>0,
k—1

us (k) :Zﬂk (i) = ZO’“”ua)(i—l) = uz(k — 2)
— ng—?’—i Zx;l—u{, k>0,
uﬁ(k):zu’f“ ' Zok“ (i — 2) = ug(k — 3)

= Z A= Z Ay N, k>0
i=0 3=0

Finally, we get
Af = ZUJ M(j—1)
k—1
=M+ (A =MD DN
=0
k—1 i—1
R CIEE) DE S B pady
7=0
k—2 i—1
+ (Ay = A3D) (A — X)) (A — M) Z)\k 2- ZZX 1- J)\J
7=0
k_g .Z ! . . .
F A D A~ ) Y S
=0 j=0

k—4 i—1
+ A2(A; — AsD)(Ar — M) (AL — M) ZAk TN AN,
7=0

k> 0.
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2.2 Solution of an initial problem

Now we find an explicit solution to the initial problem

iL‘l(O) = T;,0, xl(—l) = Tj,—1, 1= 1,2,3

) = (E|©).

z(k) = QAY - x*, k>0,

to system[(IL), wherel = A;.

Define
1 00
Q=010
0 01

Then, the solution is given by formula

o O O
o O O
o O O

. T
wherex* = (21,9, 220, €30, 1,1, T2,—1, L3-1)" -

3 Conclusion

For weakly delayed systeiin] (1) with matricés(wherei is fixed,i € {1,...,7}),

B, it is proved that the union of all their eigenvalues is the same as the set of all
eigenvalues of relevant matrig; of the non-delayed systein (10). The usefulness
of this fact is demonstrated for one of the possible cases when the Putzer algorithm
is used to solve an initial problem. Results for 3-dimensional discrete systems are
new (in [1] — [3] only planar systems are considered).
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Abstract: It is the objective of this paper to demonstrate how Design of Experiments (DOE)
methodology may be applied in industrial and technical practice. It is often the case that an
industrial or technological process is not operated at optimal conditions. Usually a process is
affected by many factors which often interact. DOE is a strategy for experimentation,
whereby all acting factors are manipulated simultaneously. The usage of DOE to analyze
operating conditions of longitudinal turning process is presented in this paper. The influence
of input factors (cutting conditions) on the parameters of a surface roughness profile
(responses) has been investigated.

Keywords: Design of Experiments, mathematical-statistical model, longitudinal turning
process, significant factors, roughness profile parameters.

Introduction

It is often the case that some processes are very complex and do not exist suitable description
or mathematical-physical-chemical models of them, so it is necessary to recognize and
identify the relationships between considered variables only experimentally. But experimental
work is traditionally done by changing the value of one separate factor at a time until no
further improvement is accomplished. This is called the COST approach to experimental work
(COST is the acronym for consider one separate factor at a tfime) and represents the intuitive
way of performing experiments [1]. But this is an inefficient approach. In experimentation for
process improvement and discovery it is usually necessary to consider simultaneously the
influence of a number of input variables (factors) and output variables (responses). A better
approach is to construct a carefully prepared set of experiments, in which all relevant factors
are varied simultaneously. This is called statistical experimental design, or, design of
experiments (DOE) [2], [3]. The application of DOE to analyse operating conditions of
longitudinal turning process is presented in this paper.

1 Design of Experiments — Benefits

It is important to note that the neglect of certain principles in planning and carrying out of
experiments may lead to devastation of the whole experimental work. No analyse (no method)
of experimental data does not help to correct wrong or ill-prepared experiment. Application of
DOE methodology enables us to avoid this risk. DOE methodology provides us to obtain
maximum amount of information of high statistical and numerical correctness in an optimal
number of individual test runs and the use of statistical principles in the design of experiments
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ensures that experiments are designed economically, that they are efficient, that individual
and joint factor effects can be evaluated and conclusions can be stated with high reliability.

2 Experimental
2.1 Experimental conditions

The influence of cutting conditions — input factors x,,x,,x; (x,— cutting speed v, x, — feed
f'» x;—depth of cut a,) on the response (parameters of the resulting surface roughness: Rz -

the maximum height of the roughness profile, Ra— the mean arithmetic deviation of
roughness), i.e. function dependence y= Rz,Ra= f (xl,xz,x3) during longitudinal turning of
steel C45 have been investigated. The actual experiment was carried out under the operating
conditions listed in Tab. 1. The parameters of the surface roughness f(’z,f(’a were measured at

defined experimental points by usage of roughness meter Mitutoyo Surftest SJ-301.
Experimental points were indicated at the intersections of horizontal and vertical lines, the

parameters of the surface roughness Rz, Ra were measured five times at each experimental
point. The arithmetic average of five measurements was taken as an individual measurement.
Experimentally obtained data represented an input matrix for statistical analysis.

Experiment Code

Rz.v,f,a, — 12 050.1

Used machine-tool: SU 40
Holder Cutting Blade Cutting Material Te

. [mm]

Used cutting tool P20 according
MWLNR KNUX 190 405 EL 1SO 0.50
Ve a, f
Cutting Conditions [m.min!] [mm] [mm]
8.792 — 351.680 0.10 — 3.00 0.100 — 0.500

Set the tool to the workpiece axis h=0 [mm] Cooling No
Machined material 12 050.1 C45

The measuring instruments

Mitutoyo Surftest SJ — 301 to measure parameters of surface roughness

Accurac.y of E = 1/1000 The chosen level of significance a=0.05
calculation

The number of N=8 The number of repeated measurements for each m=5
runs B experimental unit B

Tab. 1 Experimental conditions
Source: own

2.2 Construction of full factorial design

In order to identify significant factors affecting the surface roughness of machined material
and analyse the relationships between them, the DOE methodology was used. Taking into
account the expected non-linear dependencies, the two-level full factorial design in three
factors, denoted 2°, was chosen from a relatively large amount of design types. To perform a
two-level full factorial design, a low level and a high level to each factor was assign. These
settings were then used to construct an orthogonal array of experiment. Usually, the low level
of a factor is denoted by -1, and the high level by +1. Individual test runs were performed on
the basis of the design matrix of the experiment created as a combination of individual levels
of three investigated factors according to Tab. 2.
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Design Matrix Experimental matrix
Factors levels - Coded unit Factrors — Original unit
Run No Ve f a,
M *2 *3 [m.min""] [mm] [mm]
1. -1 -1 -1 8.792 0.1 0.1
2. +1 -1 -1 351.68 0.1 0.1
3. -1 +1 -1 8.792 0.5 0.1
4. +1 +1 -1 351.68 0.5 0.1
5. -1 -1 +1 8.792 0.1 3.0
6. +1 -1 +1 351.68 0.1 3.0
7. -1 +1 +1 8.792 0.5 3.0
8. +1 +1 +1 351.68 0.5 3.0

Tab. 2 The 2° factorial design of experiment
Source: own

By means of DOE, individual runs were performed in random order to eliminate systematic
error and to avoid subjective preference of any factor-level. Use scalar products the
orthogonality of experiment design was verified, i.e. all columns of design matrix must be
perpendicular to each other. Due to the orthogonality of the experimental design we can avoid
improper indication of statistical insignificance of factors effects [4].

When least squares analysis is applied to the modelling of effects of several factors it is
commonly known as multiple linear regression (MLR). To avoid numerical and statistical
incorrectness in computation of regression model (e.g. incorrect indication of statistical
insignificance of some factors due to their multicollinearity), it is necessary to perform DOE
standardization (coding) of input factors into coded unit before applying regression analyse of
experimentally obtained data. This is the proper way of expressing regression coefficients.
Then we obtain not only correct statistical significance of regression model, but also correct
statistical significance of regression coefficients [4].

DoE coding (standardization) of input factors is based on the coding equation

+x_.
x(i) _ xmaX 2 xmln
x, (1) = x  —x. (1)

where x(i)— is an original input variable (factor), i=1,...,n, n— is the number of input
factors, x,(i)—1s a coded variable according to the DOE methodology, x,,, — the maximum
value of original variable x(i) [physical unit], x . — the minimum value of original variable
x(i) [physical unit]. DoE standardization by formula (1) presents linear transformation of

values of origin variable from interval < x > to interval <-1,1> and provides

min ° 'xmax

transformation of factors from original physical unit to dimensionless form.

3 Results and discussion

Based on the statistical analysis of experimentally obtained data (exploratory data analysis
EDA, screening analysis, analysis of variance ANOVA, DOE analysis) using software such as
Matlab, Statistica, QC-Expert, we have indicated important factors affecting the final surface
roughness, we analysed how they interact, and obtained computational statistical models
predicting the value of roughness parameters at varied levels of factors. Data analysis was
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performed with a statistically correct approach including analysis of the basic assumptions
and subsequent analysis of the classical regression triplet: data, model, residues.
Subsequently, as the conditions of normality of repeated measurements and homogeneity of
variance of repeated measurements and testing for the presence of outliers had been verified,
regression analysis was performed; the results are listed in Tab. 3. During our experimental
work various types of regression model was used (linear, quadratic). In this paper is presented

the regression model in the form of power function:

Rz,Ra=10" -vch‘ P 'aph3 (2)
Statistical ﬁz,l%a =10" -vcb’ -sz -apb3
1 T ; . —
e Rz Ra b; — the estimation of i—th regression coefficient
bo 2.364 1.775 + b; — 95 % confidence interval of regression
+ by 0.424 0.343 coefficient estimation
fo 14.348 13.309 t; — the test statistic for the i-th regression coefficient
significance significant significant | bA|
b, -0.199 -0.162 =1
+ b, 0.173 0.140 b,
1 -2.956 -2.975 spi — standard deviation of the i—th regression
significance significant significant | coefficient
b, 0.787 1.077 t o ( f ) — quantile of the r—test distribution
+ b, 0.397 0.321 1—5
t 5.101 8.618 —N_1=7 _
=N-1=7,1t =t 7)=2.571
significance significant significant ! 1—% (f) 0975 ( )
b 0.017 0.040 Hy:b;=0,i=12.,k versus Hy:b,#0
+ by 0.188 0.152
13 0.229 0.678 rejection region of Hy:
significance insignificant | insignificant
‘ti > tl a ( f ), N —the number of test runs
2

Tab. 3 Results of regression analysis

Source: own

As we can see, the null hypothesis Hy was tested against the alternative hypothesis H; and it
can be concluded that only for one regression coefficient b; the hypothesis test with
a =0.05reject the null hypothesis, i.e. the regression coefficient b; is statistically
insignificant. According to the results presented in Tab. 3 it was possible to develop the
mathematical — statistical model, and considering DOE coding of individual factors (1) and
natural unit (Tab. 2), the technological model of factors effect on the examined parameters of
the resulting roughness profile was obtained in the form of natural scale:

0.017(+0.188)

s 3)

1 02.364(i0.424) * f0.787(i0.397) * g

A

Rz =

0.199(%0.173)
V.

0.040(+0.152)

: “4)

101.775(14).343) %* f1.077(i0.321) %

A

Ra =

0.162(£0.140)
V.

It is convenient to display regression coefficients in a bar chart or plots of factor effects.
Based on the results shown in Tab. 3, the Pareto diagrams of individual factors effect on the
observed parameters are displayed in Fig. 1. and Fig. 2.
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Paretov diagram : Rz = f (v, f.ap) Paretov diagram : Ra = f (v, f, ay)

5,10099 f[ram]

295632 i, [ rmirT]

%

A

0,67558

0 1 2 ps0Bs g 4 5 5 0 1 o P05

Fig. 1 Cutting conditions effect on the Fig. 2 Cutting conditions effect on the

3 4 5 B 7 8 9

Rz value Ra value

As we can see in the Fig. 1 and Fig. 2, the feed has the main effect on the studied parameters,
while the cutting speed is of less importance and statistically insignificant appears to be the

depth of cut. In order to express the functional dependence of observed parameters Rz and

Ra on the cutting conditions, Pearson’s correlation coefficients (confidence interval of
a =0.05) were determined and their statistical significance was verified by the Student's z-

Test Criterion. Statistically significant effect of the feed f on the parameter Rz is confirmed
by the high value of the pairwise correlation coefficientry. ., ,)=+80.843%, a direct

dependency between them is obvious. The indirect dependency of parameter Rz on the
cutting speed v, is evident from the value of pairwise correlation

coefficient ry, , (;,)=—40.854% . The relationship between Rz and the depth of cut a , 18

statistically insignificant, 7. , |, 5)=3.634%. The effect of cutting conditions on the

parameter Ra is demonstrated by the value of individual pairwise correlation coefficient:

Foo s () =91.566% , 1, , (1) ==31611%, 1y, , (. - =7.199%.

To verify correctness of regression model (3) and (4), the estimation of multiple correlation
coefficient, the coefficient of determination and degree of variability of regression model was

performed. For regression model (3), which express the effect of cutting conditions on Rz,

the multiple correlation coefficient is r,, , . =+93.509%, the statistical significance of
v S,

this estimation was confirmed by F-test. The regression model (3) explains 82.418% of the

variability of the Rz values, which is expressed by the adjusted coefficient of determination
(AdjR* in order to eliminate the influence of multiple regression coefficients on the
coefficient of determination R*. For regression model (4), which express the effect of cutting

conditions onRa, the multiple correlation coefficient is Tea v fa =197.137%, its 95%
vefea,

confidence interval is (84,528%, 99,498%). The regression model (4) explains 92.097% of the

variability of values Ra,ie. AdjR* = 92.097%. The analysis of factor effects on the value of
investigated roughness profile parameters confirms the conclusions of previous experimental
work, where the effect of cutting conditions on the parameters was examined [], []. Graphical

representation of the individual factors effect on Ra is shown in Fig. 3.
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Fig. 3 The factor effects on the resulting value Ra

Based on Fig. 3, it can be stated that the increase of cutting speed decreases the value of the

Ra parameter, but along with the increasing of the feed values, the value of the examined Ra
parameter increases rapidly. Due to the change in the cutting depth, however, no marked
change of examined parameters is achieved.

4 Conclusion

Unlike most scientific publications in this field of research (observation of operating
conditions of longitudinal turning process), where is considered manipulating of only one
factor at a time and its impact on the response, in our work we focused on the influence of all
relevant factors and their interactions. The influence of cutting conditions — input factors
X, X,,%; (x;— cutting speed v,, x, — feed f, x;— depth of cut a,) on the response

(parameters of the resulting surface roughness: Rz — the maximum height of the roughness
profile, Ra— the mean arithmetic deviation of roughness), i.e. function dependence
y= Rz,Ra= f (xl,xz,x3) during longitudinal turning of steel C45 have been investigated. In

order to identify significant factors affecting the surface roughness of machined material and
analyse the relationships between them, the DOE methodology was used. DOE is very useful
for this purpose, whereby all such factors are manipulated simultaneously and fewer
experiments are required.

This article clarifies some basic principles of DOE application to improve technological
process (specifically the longitudinal turning process). Finally it can be stated that a
combination of high cutting speeds, small feeds and small depths of cutting appears the most
advantageous. The results obtained by our experimental work have important benefits for
technical practice, because they were practically verified under conditions of real production.
Results conclusion and interpretation were performed without numerical and statistical
incorrectness, what was also confirmed by practical experience in the subject matter field of
longitudinal turning of steel C45.
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